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Functions

A function f isarelation which maps each element in its domain D, to one and only one

element initsrange R, , eg. f x> x*+1, xeR, where ¥’ +1isthe rule of f and R is
thedomainof f .UsetheVertical Line Test to determineif agivenrelation f isafunction.

Replace D, and R, below with the actual domain and range of f ininterval notation.

One-one Functions

Usethe Horizontal Line Test to determineif agiven function is one-one.

eg. f:x—>x*+1, xeR and g:x— x*+1, x>0.

4y y=1(x) 4y y=09(x
any line y=Kk,
ke R, =[1) k
y=2 2 /
1

il
0

X

A %4

0

Since the horizontal line y=2 , where Since any horizonta line y=k , where
2eR; =[Lo), doesnot cut thegraph of f ke R =[Lw), cuts the graph of g at one
at one and only one point, f isnotone-one.  and only one point, g isone-one.

OR

Since f (-1)=f(1)=2,
where -11e D, =R, f isnot one-one.

g isarestriction of f if f and g have the sameruleand D, c D, i.e. g is f withits

domain restricted. Even if f is not one-one, a restriction of f which is one-one can be
defined. Use turning points or points where f isundefined to show that f isnot one-one
or restrict its domain.
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| nver se Functions

f, the inverse function of f , is a function such that for all xe D, and yeR,,
f*(y)=xifandonlyif f(x)=y.

e flexistsif andonlyif f isone-one.
e Domainof f*=R,
e Rangeof f* =D,

Tofindtheruleof f giventheruleof f:

1. Let y=f(x).
2. Express x intermsof y, suchthat x = g(y), where g(y) isafunctionof y.
3. Then f7(x)=g(x).

Therulesof ff ' and ff areaways x, but they usually have different domains.
D, =D, ,butD_, =D,.

-

Composite Functions

gf isthe compositefunction of f followed by g.

e df existsifandonlyif R, c D, .
e Domainof gf =D,
e Rangeof gf =R, withthedomainof g restrictedto R, .

FAQ

Q: Sketchthegraphof f .

A: Substitutetherule of f , then sketch the graph using GC.

Q: What isthedomain/rangeof f ?

A: Observefromtheruleof f by substituting values, or from the graph using GC.

Q: What isthe minimum value of k such that f ,withitsdomain restricted to (k,»),
iISone-one?

A: Find the minimum value of k such that f , with its domain restricted, passes the

Horizontal Line Test. Usudly, x=k will be a turning point or point where f is
undefined on the graph of f .

Solve f (x)=f*(x).
Al Solve f(x)=x or f*(x)=x instead, sincethegraphsof f and f* must intersect on
theline y = x. (Example 2)
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Solve ff *(x)=f*f (x).
The solution set is the intersection of the domains of f and f, since both ff * and
ff haverule x.

Sketch thegraph of ff ™ (or f7f).
The graph of ff * is the section of the line y = x, where xe D.. =R;. Smilarly, the

graph of f*f isthe section of theline y = x, where x e D, .

Sketch thegraphsof f(x) and f *(x) (on asinglediagram).
Show their geometrical relationship: the graphs of f and f are reflections of each
other about theline y = x.

Example 1 [NJC0O6/CT/Q9 (Modified)]

A mapping f isgivenby f :x+—

1
(x—l)z -1xeR.

State the largest possible domain of f in the form (-o,b), where be R, such that the

inverse function of f exists. Hencedefine f*inasimilar form.

Thefunctions g and h are defined asfollows:

g: x> In(x+2),xe (-1

h:x— x*-2x-1xeR"

Determine whether the composite function gh exists.
Give the rule and domain of the composite function hg and find its range.

Solution Comments

Largest possible D = (~,1) B f* exists if and only if f is one-one.
Observe a discontinuity at x=1 by
sketching the graph of f on the GC or

from%. Restrict D, based on the
(x-9

discontinuity instead of looking for

turning points.

D.=R, =(-1=) UsetheGCtofind R, .



(b)(i) h(x) = x* —2x—1=(x—1)2 -2

Since (-2,»)¢ 11, R &D,, hence
the composite function gh does not exist.

(0)i)) D, =D, =(-11)
hg(x)=h(g(x))=h(In(x+2))

hg: x> (In(x+ 2))2 ~2In(x+2)-1

xe(-11) |

R, =(9(-2).9(1))=(©@In3

R, = R, with D, restricted to R
R, =[h(1).n(0)=[-2-1) m
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Use D, to decide which of the 2

expressions for x to accept and which
to reject. Here, D; =(-=,1), s0 x<1,

1
Jy+1

Express f*in asimilar form, and write
down both its rule and domain.

and >0 fordl yeR.

h(x) has a minimum point at x=1, and
itsdomain R" includes 1.

gh existsif andonly if R, < D, .

You do not need to show hg exists,
since the question already assumesiit.

g(x) isstrictly increasing on (-1,1) .

In the restricted D, =R, =(0,In3) ,
h(x) decreases from 0 to 1, reaches its
minimum at h(1)=-2, then increases
from 1 to In3. Since h(0)>h(In3) ,
h(0) isthelarger endpoint of R, .
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Example 2 [HCI06/Promo/Q11 (Modified)]

Thefunction f isdefined by

f:x—

X=> C
1+¢e*

By considering the domains of ff ™ and f~f , solve ff(x)=f*f(x).
Show thegraphsof f(x), f™(x) and ff *(x) onasingle sketch.

Solution Comments
® 5 _p _r :(0 1} Therulesof ff ™ and f*f areaways X, but
LA ‘2 they may have different domains.
D = D1 =[0) Hence, ff*(x)= f*f (x) if and only if x |
ence, ff 1(x)=f- if and only if x is
For ff1(x)= (%), () () Y
L 1 in the domain of both ff * and f~'f ,i.e.
Xe(o,ﬂm[o,oo){o,ﬂ xeD, .ND, . =R ND,
0< xsi |
2
(i) Sketch the graphs on the GC first. When the

rule of f(x) is unknown, Kkey in
DrawInv(;) to draw the inverse of the graph
of Y,.

GC syntax:
Set Y, =1/ (1+e" (X)), then:

[2ND][PRGM] - 8:Drawinv
- [VARS] = Y-VARS - Function... 2 Y,
- [ENTER]




Graphing Techniques

Graphs of Conic Sections
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The dotted lines represent lines of symmetry or asymptotes, not the axes.

2 2
el )N kY
a b
y=k
Ellipse
x=h
(x=h)*+(y=Kk)*=r?
y=k
Circle
x=h
x —h=b(y—k)> x=h"1y_Kk=b(x-h)?
Parabola y=k
(h,k)
(h,k)
N\
N\ 4
N (4
N (4
N\ '
N 4
/Y\
Hyperbola . A
/, \
Y/ N\
y/ N
7 N
(x=h?® _(y=k)*_, (y=k?* _(x=h? _,
a2 b2 - b2 az -
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Properties of Hyperbolas

For both forms of hyperbolas above,

If the x term comes first in the equation of a hyperbola, i.e.

Centre: (h,k)

Horizontal line of symmetry: x=h
Vertical line of symmetry: y=k

Oblique asymptote (sloping upwards): y—k = g(x— h)

Oblique asymptote (sloping downwards): y—k = —g(x— h)

=1, then the

(x=h)* (y-k)
a’ b?

graph looks like ahandwritten x (with left/right parts) and always intersectsthe x axis.

Sketching Graphs of Conic Sections

Thereisaspecial case for each conic where its centre or vertex is at the origin (i.e. h=0,
k =0). To draw aconic with centre/vertex (h,k), trandate this specia case by replacing

X with x—h and y with y—-k.

If the equation of a conic is given in the general form Ax®+ By’ +Cx+Dy+E =0,
complete the square to convert it into the standard forms given in the table above.

When the equation of a conicis given in general form, to identify the conic:

Isthere both x* term and y* term?

Yes No

\ 4

Arethe coefficients of x? term Isthere either x* termor y? term?
and y* term of same sign?

Yes

Yes No

A

Are the coefficients the same value?

lYes lNo
______________ Y ___ PSP SN

i Circle 1 | Ellipse i | Hyperbola ! Parabola !
1 1 | !
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Graphs of Rational Functions

ax+b .
y= —d , where ¢ # 0, numerator and denominator have no common factor.

CX+

e Usinglongdivision, express y as p+cxid

, Where p and q are constants.

e Vertical asymptote: x:_ﬂ
C

q
CX+

0 When cx+d =0, is undefined, hence y isundefined.

e Horizontal asymptote: y = p:%

0 ASX— tmw, — 0, hence y — p.

cx+d

_ax’+bx+c

r ,where a,d =0, numerator and denominator have no common factor.
X +e

e Usinglongdivision, express y as px+q+ dxr+e,where p, g,and r areconstants.

e Vertical asymptote: x:_g

r

dx+e
e Oblique asymptote: y= px+q

o When dx+e=0, Isundefined, hence y is undefined.

0 ASX— tw, — 0, hence y — px+qQ.

dx+e

Let theinitial graph beof y= f(x), andlet a be a positive constant.

Trandating Graphs

Trandate by a unitsin the: In the equation Equation after transformation
. o y—a=f(x
positive y -direction Replace y by y—-a .
e y="f(x)+a
: dregt Ren) o y+a=f(x)
negative y -direction ace a
= Y P y By oy e y=f(x)-a
positive Xx-direction Replace x by x—a y=f(x—a)
negative x-direction Replace x by x+a y=f(x+a)

10
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Stretching & Reflecting Graphs

. y
- Z=f

Stretch para'\IIeI to tk.\e.y ax.|s by Replace y by y a (X)
factor a, with x-axisinvariant a e y=af (x)
Stretch parallel to the x-axis by Renlace x b X e[ X
factor a, with y -axisinvariant | " ¥ a =13

. . -y=f(x)
Reflect in the x-axis (y=0) Replace y by -y

e y=—"F(x)
Reflect inthe y -axis (x=0) Replace X by —x y=f(-x)
Transformations I nvolving M odulus
y=t(x) 4Y y=[foal 4Y y="f(x|) 4Y
/\_lo X 0 X 0 X
\\/ " \/\/

Reflect the part of the graph Delete the part of the graph

of y = f(x) where f(x) <0 of y = f(x) wherex < 0.

In the x-axis.
Reflect the part of the graph
of y = f(x) where x >0 in
the y-axis.

Other Transformations

Assume the same graph of y= f (x) as above, which is drawn with adashed line below.

Other transformations include:

o y=1'(¥
1

y= f (X)

° y2=f(X)

o Rédatedto y=,/f(x) or y=—f(X)

11
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Graph

Graphof y=f (x)

Transformed graph

y="f1'(x) AY

>

Stationary point
Increasing
Decreasing

Concave upwards
Concave downwards
Maximum gradient

Minimum gradient

X-intercept
Positive
Negative
Increasing
Decreasing
Maximum point

Minimum point

y= 1 Positive Positive

f(x)

4 y Negative Negative

| Increasing Decreasing

Decreasing Increasing

0 k Approaches «» or —o | Approaches O

! | i X

! ! Approaches 0 Approaches « or —o

Maximum point Minimum point

: : ! Minimum point Maximum point

1. Discard thepart of y= f (x) where f(x)<0.

y’ = f(x) 4y 2. Look at x-intercepts of y= f (x) to decide the

O

kind of tangent on the transformed graph.
e 1 distinct rea root: vertical tangent

e 2equa rea roots: sharp tangent
e >2eguad red roots: horizontal tangent

3. Thisisthegraphof y=,/f ().

4. Find the graph of y=—f (X) by reflecting the

graph of y=,/f(X) inthe x-axis.

5. Combine the graphs of y=,/f(x) and

y=—f(X) togetthegraphof y*=f (x).

12
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Sketching a Transformed Graph

1. Work from the left of the graph (x=—x) to theright (Xx=0).
Identify critical features on the origina graph.
3. Onthe new graph, label al corresponding coordinates of points, equations of asymptotes,
stationary points etc. which are given on the original graph.
e For points, write ', e.g. use A' to denote point A after transformation.
4. Check your answer.

N

1 —_—
f(X)
e Use GC to graph normally or useits Conics application.

e Usesubstitutions, e.g. when f(x)=10, y= 0.1.

Sequences of Transfor mations I nvolving M odulus

Example: Transform the graph of y = f(x) tothat of y=f(2-3|x)
Solution: f(X) > f(2+X) > f(2-x) > f(2-3x) > f (2-3|x))
When |x| isinvolved, replace x by || last, to get a graph symmetric about the y -axis.

Example: Transform the graph of y = f (x) tothat of y= f (|]2—3x))
Solution: f(x) > f(|x) > f(j2+X) > f(|2-X) > f(|2—-3)

Here 2-3x isinside the modulus, hence replace x by |x| first, then transform |x| to [2x—-3.

General Tips

o Generdly, perform transformations from the innermost to outermost brackets.
e Write the exact phrasing of the transformations when the question asks you to “describe”
them, e.g. write “translate by 3 units...”, not “translate for 3 units...”.

Example [YJC/1/Q§]
The curve C has equation

X+ kx+1

keR"*
2X+3

() Obtain the equations of the asymptotes of C .
(i) Find the value of k for which the x-axisistangentto C.
(iii)  Sketch the case for k = 3. Hence, using a graphical method, find the range of values

of X that satisfy the inequality ‘xz +3x+:q > |4x+6|.

13



Solution

(i) X +kx+1
2X+3
x k 3 13-6k

=ttt
2 2 4 42x+3)

Equations of asymptotes:
X, k 3

(i)  Where x-axisistangentto C,

y=0= x*+kx+1=0

Since there can only be
1 vaueof x where y=0,

D=k?-4(1)(1)=0
k=4

k=2 or -2 (rgjected ‘- keR")

k=21
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Comments
) X k 3
Use long division to get a quotient of §+§_Z
and aremainder of 13_6k.
ax’ +bx+c
Graphs of y=——— usudly have 2
dx+e
asymptotes:

1. To find the vertical asymptote, set the x -
term in the denominator =0, i.e. 2x+3=0.
2. Tofind the oblique asymptote, take y —to0

such that =980 and y—>§+5—§.
42x+3) 2 2 4

For a quadratic equation ax®+bx+c=0, a=0,
discriminant D =b*—4ac.

D > 0: 2 distinct rea roots.
D =0: 1 (repeated) real root.
D <0: No red roots.

Always try using the discriminant with quadratic
equations in Graphing Techniques questions.

Differentiation is tedious and will result in a
complicated expression. Furthermore, if the
question states “algebraically”, differentiation
cannot be used.

Use the GC to plot the graph for k =2 to check
your answer.

14



(iii)

X +3x+1]i 4y
2x+3
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X2 +3x+1
2X+3

‘xz +3x+]4 > |4x+ 6|

‘x2+3x+q > 2|2x+3|

‘X2+3X+ﬂ 5 +3x+1
= >
2x+3 | 2x+3 |
ly|>2
y<-=2ory>2
From the graph,

When k=3, y=

2

X<-579 or -1.79< x< —g

or —g< x<=121lor x>2.791

Substitute k =3 into the equations of the graph and its asymptotes, and sketch it using
the GC. Label al axisintercepts (to 3 s.f.) and asymptotes.

“Graphical method” suggests:

1. Manipulate given inequality until 1 side, say LHS, resembles equation of graph.

2. Sketch graph of RHS on GC and your diagram.

3. The solution usually involves points of intersection of the 2 graphs.
e eg.thebluemarkson the x -axisin the diagram above.

Exclude the values of x for which the function is undefined, e.g. x= g above.

We can divide both sides of the inequality by [2x+ 3 becauseit is always positive.

15
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Equations & Inequalities

General Approach

1. Zerotheinequality (bring al the termsto one side, such that the other side is 0).
2. Combine the termsto form a single fraction.
3. Factorizetheterms asfar as possible.

e Use M <0< f(x)g(x)<O0 to convert the inequality to a product of factors.

9(x)
Since [g (x)]2 Is dways positive, multiplying it on both sides preserves the
inequality sign.
4. Eliminate factors which are either always positive or always negative.
e Completethesquare, e.g. foral xeR, x*—4x+5=(x- 2)2 +1>1>0.
5. Draw number line and graph and shade the regions where the inequality holds.
6. Writetherange of valuesof x (e.g. 1< x<2).
e Towritethe set of values, use set-builder notation, NOT interval notation.
0 eg {xeR:1<x<2},NOT (1,2]
e Check for any values (especialy endpoints) to be excluded

0 eg. Xx=2 when theinequality contains iz

0 e.g. whether the inequality is strict (<) or not ().

Using the GC

e Find intersection between 2 graphs. [2ND][TRACE] - 5:intersect

o Findrootsof agraph: [2ND][TRACE] - 2:zero
e Find stationary points of agraph: [2ND][TRACE] - 3:minimum (or 4:maximum)
e Solve system of linear equations: [APPS] = 5:PlySmit2

FAQ

e Solveagiven inequality, using algebraic or graphical approaches.
e Using the solution to an original inequality, solve a new inequality.

0 Substitute x with some function of x, f(x) (usualy —x, 1, Inx, €, etc) in
X

the original inequality, such that it becomes the new inequality. Then, substitute
X with the same function f(x) in the original solution set to obtain the new

solution set.
e Mode aproblem with a system of linear equations and solve the system.

16
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General Tips

e In general, do not cross-multiply inequalities! Cross-multiplying only works if the
denominators on both sides of the inequality are either both positive or both negative.

Use the GC if the question does not specify “exact” values. But be careful when using the
GC directly: some solution intervals are not visible at certain zoom levels! (Example 1)

Given an inequality involving modulus, e.g. ‘f (x)‘ <a where a isapositive constant,
o Divideit into cases, where f(x)<0 and f(x)>0.
= |f(x)|ca=-as<f(x)<a
= |f(x)|za= f(<-aor f(Y)>a

0 OR Square both sides to get [ f (x)]2 <a’, removing the modulus.

e Remember to flip the sign of the inequality when you:
0 Multiply or divide both sides by a negative number
» eg asb=-2a>-2b
0 Takethereciprocal of both sides, if they are either both positive or both negative

" eg. asb:lzé,where a,b>0 (or a,b<0)
a

Apply your numerical answer to the context of the question, if appropriate.

Example [N2006/11/Q1]

Solve the inequality x2—9 <1.
X" -9
Solution Comments
X—9 <1 Use the General Approach outlined above.
x*-9 "
X-9 _1<0 1. Zerotheinequality.

17



X -9 B
2

X=X _o

x> —9

x<-3o0or0<x<lor x>31

XV
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2. Combine the termsto form a single fraction.

3. Factorizethetermsasfar as possible.

Make the coefficient of the highest power of X,
here x*, positive, so that the graph in Step 5
will start as positive from theright.

Remember to flip the sign of the inequality
when multiplying both sidesby —1.

Skip Step 4, since the terms are aready linear.

5. Draw number line and graph and shade the
regions where inequality holds.

e Mark the roots -3, 0, 1, 3 of the equation
y=X(x-1)(x+3)(x-3).

e Thegraph has x-intercepts at the roots.

o If f(x) isapolynomial with the coefficient
of the highest power of x being positive,
the graph of f(x) will start as positive
from theright.

e The graph has a “wavy” shape.

Write the range of values of x, checking for
any vaues (especidly endpoints) to be
excluded.

Since the origina inequality has denominator
X*—9=(x+3)(x-3) , exclude x=-3 and
X =3 where the inequality is undefined.

Do NOT use commas. eg. Xx<—-3, 0<x<1,

x> 3. Write out “or” between every 2 adjacent
inequalities.

18



Alter native method from this step

X
NG

(Sketch thegraph of y=

From the GC,
X<-3,0<x<1,0or x>3

-9

gV
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Alter native method

Since the question doesn’t ask for exact values,
zero the inequality, then use the GC directly.

Always zoom in to check places where the
graph is near the x-axis, where the inequality
Is near equality.

e.g. the solution interval 0< x<1 is not clearly
visible at some zoom levels, e.g. ZSandard and
ZDecimal.

19
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Arithmetic & Geometric Progressions

Below, AP denotes arithmetic progression and GP denotes geometric progression.
For an AP u,,u,,u,,... withfirst term a = u, and common difference d:

e nthterm, u, =a+(n-1)d

e Sumof first n terms, S, :g[2a+(n—1)d]:g(a+un)

e If a,b,c forman AP, then b—a=c-b< 2b=a+c

For aGP u,,u,,u,,... with first term a=u, and common rétio r:

e nthterm, u, =ar™*

aa-rm _a(r"-1)

e Sumof first n terms, S = 1y 1

e Sumtoinfinity, S, =1i (S, existsonly if |r|<1)
—r

e If a,b,c formaGP, then E=%@ b? =ac
a

For any sequence u,,u,,us,...

e u =S-S.,where k>0.
 u +U,,+...+u =S -S ,,where m>k>0.

FAQ
Q: Find various propertiesof an AP or GP, given other propertiesof it.
A: 1. Writedown a, d (or r), n, any kthterm u,, any sum of first k terms S, which is

given in the question.
2. Usethevarious AP & GP formulae to solve.

Q: Show that a sequenceisan AP.

A:  Show that the difference is common, i.e. u, —u, , isconstant for all k.
Q: Show that a sequenceisa GP.

A:

Show that theratio is common, i.e. e isconstant for all k.
uk—l

20
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Model and solve a problem using an AP or GP.
1. Identify if the sequence givenisan AP or GP.
2. Writedown a, d (or r), n, any kthterm u,, any sum of first k terms S_ which is

given in the question.
3. Usethevarious AP & GP formulae to solve.

> O

Q: Findtheleast/most n such that some condition holds.
A: 1. Formaninequality intermsof n.
2. Solve manually OR use GC’s table of values/graph.

Example 1 [JIC/11/Q1]

An arithmetic progression of positive terms is such that twice the sum of the first nine terms
is equal to the sum of the next nine terms. Let T, denote the nth term of the arithmetic

progression. Given that T,, 20, T,, forms a geometric progression, find the first term and the
common difference of the arithmetic progression.

Solution Comments

Let the arithmetic progression have first Define all variables that will be used. Interpret
term a, common difference d, and sum of the question in the context of the defined

first nterms S, . variables: find a and d .
25, =S;-5 Always write sums of consecutive terms in
35, =S, terms of differences of sums of first k terms:

To+T +.. . +T;=S,-§

Simplify the first sentence in the question to

9 18
3x§(2a+8d)=?(2a+17d) an equation in terms of a and d , which we

27a+108d =18a+153d want to find.

a=>5d

20 T, TT. — 400 Simplify the other statement in the question to
?1—2—03 116 = another equation intermsof a and d .

a(a+15d) =400

g2 Now substitute the first equation, a=5d, into

"5 the second equation. Simultaneous equations
a(a-+3a) =4a’ = 400 are acommon featurein AP & GP questions.
a’ =100
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a=10 or -10 (regected ~a>0 as the Look for conditions given in the question
arithmetic progression is of positiveterms)  whenever you must choose a correct value.
a=10,d=21

Example 2 [N97/1/Q15 (Part)]

A bank has an account for investors. Interest is added to the account at the end of each year at
afixed rate of 5% of the amount in the account at the beginning of that year. A man decides
to invest $x at the beginning of one year and then a further $x at the beginning of the
second and each subsequent year. He also decides that he will not draw any money out of the
account, but just leave it, and any interest, to build up.

) Show that, at the end of n years, when the interest for the last year has been added, he
will have atotal of $21(1.05" ~1)x in hisaccount.

(i)  After how many complete years will he have, for the first time, at least $12x in his
account?

Solution Comments

(i) Let u, be the anount of money in $ in the Define u, as this to avoid writing the
man’s account at the end of n years. same phrase repeatedly. Remember to

specify the units (in $).
u, =1.05x Evaluate successive vaues of u,, i.e.
U, =1.05(1.05x+ x) = (1.05* +1.05) x u,, U,, U,, and observe a pattern for

u :1_05((1_052 +1_05) x)+ X u, . Here, “replace” 3 with n.

= (1.05°+1.05” +1.05) x Do not simplify 1.05?, 1.05° etc., or
the pattern will be difficult to observe.

ﬁn =(1.05" +1.05"*+...+1.05) x

1,05(1,05”*1_1) Apply the formula for the sum of the

first n terms of a GP to simplify u,, .
1.05-1

= 21(1.05"*~1) x W (shown)

(i) u, >12x “At least” means use > instead of >.
n-1
21(1'05 _1) x=>12x Manipulate the inequality to solve for
21(1.05"* ~1)>12 (= x>0) n.
12 11

105" > 41="
21 7
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(n—l)lnl.OSzln(%lj

5

In -

n>——+<==926 (3sf.)
In1.05

.. least integer valueof n=10 W

Example 3 [VJC06/J1CT/Q9b (Modified)]
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When n isin the exponent, take In on
both sides. Here, the sign of the
inequality of preserved when dividing
both sidesby In1.05>0.

Switch the sign when dividing both
sidesby Inx, where 0< x< 1.

At the beginning of the year, Xin Fu deposited $100,000 with a bank that pays 10% interest
per annum at the end of each year. After the interest is credited, he immediately withdraws
$12,000. Likewise, Xin Fu will again withdraw $12,000 at the end of each subsequent year,
immediately after the bank’s interest has been credited.

Express Xin Fu’s bank account balance in $ after his nth withdrawal in terms of n.

Solution

Let u, be Xin Fu’s bank account balance in
$ after his nth withdrawal.

u, =1.1(100000) — 12000
u, =1.1u, —12000
=1.1*(100000) —12000(1.1+1)
u, =1.1u, —12000
=1.1°(100000) ~12000(1.1° +1.1+1)

hn =1.1"(100000)
—12000(1.1“*l +1.1" %4+ 1)

=1.1"(100000) —12000{M]
11-1

=1.1"(100000) —120000(1.1" 1)
=120000— 20000(1.1n )
= 20000(6—1.1") u

Comments

Define u, clearly, and specify the units ($).

Evaluate successive values of u,, i.e. u,,
u,, U,, and observe a pattern for u,. Here,
“replace” 3 with n, 2 with n—1, etc.

Do not smplify 1.2°, 1.1 etc, or the
pattern will be difficult to observe.

Apply the formula for the sum of the first
n terms of aGP to simplify u,,.

Count the number of terms carefully. Here,
(11" +1.1"2+...+1) is a sum of powers

of 1.1 ranging from O to n—1, so it has n
terms (not n-1).
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Alter native methods

Write the recurrence rel ation:
u, =1.1u, , —12000

Now,

e Userepeated substitution.

e OR Use induction, especialy if the result
to be proven: u,=20000(6-1.1") is
already given.

Refer to Example 2 in Summation, Recurrence
& Induction.

M athematics Revision Notes 2009
RI(JC) Mathematics Society

24



M athematics Revision Notes 2009
RI(JC) Mathematics Society

Summation, Recurrence & | nduction

Summation

e Definition: > f(r)=f(m)+ f(m+1)+...+ f(n), where m<n.
e For constants a and b, functionsof r f(r) and g(r) and m<n,

0 rZnn;af(r):aznlf(r)
0 Zn:[af( )£bg(r)]= aZf +bZn:g(r)

r=m

o0 Sum of AP: genera term has theform a+br .
0 Sum of GP: generd term hastheform ab' .

o} Zn:r :%n(n+1)

2 :ln n+1)(2n+1)

0 Zr 2(n+1)’ [; n+1j [Zr]

o Convert sumSW|th r #1 to use those formulas above showing r starting from 1.
n n m-1
0 YHN=2(N)-21(1)

e Usemethod of differenceto find Zur when consecutive terms cancel out. (Example 1)

r

(@]
M- 1

Recurrence

e For asequence u,,u, ,.. arecurrencerelation definesit recursively. Each term u, is
defined as afunction of the preceding terms u,,u,,...,u, ;.

e AP canbeexpressed as u, =u, , +d, where the common difference d is aconstant.

e GPcan beexpressed as u, =ru, ,, where the common difference r is aconstant.

M athematical |nduction

Step 1: Base case. Aim: Show that P, istrue.

Let P, bethe statement

When n=1,
LHS. =

RHS. = ...
L.HS = RHS
- B istrue.
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Step 2: Inductive step. Aim: Show that R, istrue whenever P, istrue.

Assume P, istruefor some ke Z",
To prove B, istrue,

Now,L.H.S. = ... = RH.S
i.e. B, istruewhenever P, istrue.

Since P, istrue, by Mathematical Induction, P, istrueforal neZ®.

e Theassumption that P,_istruefor some keZ" istheinduction hypothesis.

e Make the necessary changesif the question specifies abase value of n other than 1.
e Know where you’re going when performing the inductive step:
1. Convert L.H.S.of R, toinvolveL.H.S. of P,.
2. Sinceweassume P, istrue, substitute L.H.S. of P with R.H.S. of P, .
o Theinduction hypothesis must be used somewhere in the induction.
3. Convert theexpressionto R.H.S. of R, (proven).

Example 1 [RICO8/Assignment 7/Q4 (Modified)]

2r

SRS D) (1+2) (1 +9)

in partia fractions.

Hence, find the sum of thefirst n terms of the series

2 4 6
+ + +...
2x3x4 3x4x5 4x5x6

Find the sum to infinity of this series.

Solution Comments
Let Recall the partial fractions decomposition for
2r A B C linear factors in the denominator (in MF15).
(r+1)(r+2)(r+3)_ r+1+r+2+r+3 Substitute appropriate values of r to find
AB,C.

for some constants A, B,C.

Check that the solution allows for cancelling
2r=A(r+2)(r+3)+B(r+1)(r+3) out terms using method of difference in the
+C(r+1)(r +2) later part: —1+4-3=0.
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Whenr=-1, -2=2A= A=-1
Whenr=-2, -4=—-B=>B=4
Whenr=-3, 6=2C=C=-3
2r
(r+1)(r+2)(r+3)
1 4 3
p— + p—
r¢1 r+2 r+3

. 2r
Required =
uired sum = T2 +9)

_Z“:_ 1 N 4 3
U r+l1 r+2 r+3

1 41 3 4 3
+

23 3 n+2 n+2 n+3
21,1 3
2 n+2 n+3

Sumtoinfinity:ZL— 1,4 3 j
=\ r+1 r+2 r+3

:IimZL— 1,4 3]
nowol =N r+1 r+2 r+3

. (1 1 3)

=lim =+——
e\ 2 nN+2 Nn+3
2
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Observe that the terms of the given series are
2r

() +2)y 0 e

of the form

r=12,....

If asum cannot be found directly or you have
decomposed the term into partial fractions,
think of the method of difference.

Write out the lineswhere r =1, 2, : at the top,
and r=n-2,n-1,n a the bottom. Always

do this for the first 3 values and last 3 values
of r.

The terms should beintermsof n, not r.
Show the cancelling out of terms clearly,

leaving the fractions in their original form
(do not simplify them).

Write out the remaining terms and simplify.

The sum to infinity is the limit as N—>o0 of

the sum to n terms. As N—oo, i—>0

n+2
and i—) 0. Hence, the sum to infinity is
n+3
1
5
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Example 2 (Refer to first paragraph of Example 3 in Arithmetic & Geometric Progressions.)

Let u, be Xin Fu’s bank account balance in $ after his nth withdrawal.

(i)
(i)
(iii)

(i)

(iii)

State an expression for u, intermsof u, .

Hence, find u, intermsof n.

Prove your result in part (ii) for al n>1 by mathematical induction.

Solution

u, =1.1u_,—12000 W
u, =1.1(100000) — 12000 = 98000

u, =1.1u,_, —12000

=1.1(1.1u, , —12000)—12000
=1.1%u, ,—12000(1.1+1)
=1.1%(1.1u,_, —12000)-12000(1.1+1)
=1.1%u, ;—12000(1.1° +1.1+1)

=1.1""u, ~12000(1.1"* +1.1"° +...+1)

. {1(1.1nl 1)}
=1.1""(98000)-12000|
1.1-1
=1.1"*(98000) -120000(1.1"* -1}
=120000 - 22000(1.1“-1)
=120000 - 20000(1.1n )

= 20000(6—1.1") u

Let P, be the statement

“u, =20000(6-1.1")".

Comments

Use repeated substitution. The recurrence
relation expresses u, in terms of u, ,. Use

the relation repeatedly to express u, in
termsof u,,, u,_, €tc.

Observe a pattern and express u, in terms
of u, (which can be evauated). Here, the
general form for u, is:

1.1, —12000(1.1" +...+1)

U= =>n-k=1=k=n-1.
To express u, in terms of u, , substitute
k =n-1 into the general form.

(1.1"?+1.1"%+...+1) isa sum of powers

of 1.1 ranging from 0 to n—2, so it has
n—1 terms (not n—2).
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When n=1,
L.H.S. =u, =98000

RH.S. = 20000(6—1.11) = 98000

LHS = RHS
. B istrue.

Assume R, istruefor some ke Z",
i.e. u, =20000(6-1.1).

To prove B, istrue,
i.e. uy,, =20000(6-1.1),

Now, L.H.S. =u,,, =1.1u, —12000

- 1.1[20000(6 —1.1¢ )] —12000
(by induction hypothesis)
=132000-12000 — 20000(1.1“1)

=120000 - 20000(1.1k+1)

= 20000(6—1.1k+1)
= R.H.S. (proven)

i.e. B, istruewhenever R, istrue.

Since P, is true, by Mathematical

Induction, P, istrueforall neZ".

M athematics Revision Notes 2009
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Show how the value 98000 is cal cul ated.

Assume the induction hypothesis.
Replace n by k in the statement of P,.

Replace n by k+1 in the statement of P,.

Use the given recurrence relation,
U, =1.1u, —12000, to convert L.H.S. of

R, toinvolve L.H.S. of R,.

Use the induction hypothesis that B, is
true, i.e. u, =20000(6-1.1), to substitute
L.H.S. of B, withR.H.S. of R..

Convert the expression to the R.H.S. of
R..,. Manipulate the expression to be more

and moresimilar toR.H.S. of B_,.

29



Example 3 [N01/1/13b]

Use induction to prove that
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3(1!)+7(2!)+13(3!)+...+(n2 + n+1)(n!) = (n+1)2(n!)—1

Solution

3(1)+7(2!)+13(3!)+...+(n*+n+1)(n!)

:é(rzﬂ +1)(r!)

Let P, bethe statement

“Zn:(rz +r +1)(r )=(n+1)*(n!)-1",

r=1

When n=1,

LH.S. = (£ +1+1)(11) =
RH.S. = (1+1)*(11)-1=

L.HS = RH.S
- B istrue.

3
3

Assume P, istruefor some ke Z",

ie. rzk;(rzﬂ + ])(r )

=(k+ 9" (k)- 1

To prove B, istrue,

k+1

ie Z( +r+1)(r!)

k+1

)=(k+2)°[(k+1)!]-1,

Now, L.H.S. =>"(r?+r+1)(r!)

r=1

Zk:(r +r+1)(r!)

r=1

+[(k+1) +(k+

Zk:(r +1 +1)(r!)+(K* +3Kk+3)[ (k+1)!]

r=1

=(k+1)° (k!)

1+1][ (k+1)]

—1+(k2 +3k+3)[(k+1)!]

Comments

Rewrite the L.H.S. of the given equation as a
sum, for easier manipulation.

(n®+n+1)(n!) shows the general form.

Check that it works for the first 3 terms
given.

Show how the value 3 is calculated.

Assume the induction hypothesis.
Replace n by k inthe statement of P,.

Replace n by k+1 in the statement of P,.

Convert L.H.S. of B, to involve L.H.S. of
k.

When L.H.S. of P, involves a sum of n

terms, extract the (k+1)th term from the
sum of (k+1) terms in L.H.S. of P, to

obtain thesum of k termsinL.H.S. of R,.

Use the induction hypothesis that R, is true
to substitute L.H.S. of B, withR.H.S. of R,.
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=(k+1 [k+1|] 1

(K> +3Kk+3)[(k+1)1]

= (K?+ 4k +4)[ (k+1)]-1
=(k+2)"[(k+1)!]-1

= R.H.S. (proven)

+

i.e. B, istruewhenever R, istrue.

Since P, is true, by Mathematical Induction,

P, istrueforal neZ".
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Convert the expression to the R.H.S. of R, ;.

Manipulate the expression to be more and
moresimilar toR.H.S. of R_;.

(k+1)! is the product of all positive integers
up to (k+1), and k! is the product up to k..

Hence:
(k+1)!=(k+1)(k!)
(k+ )l =k+1
k!
In general:

mi=[m(m-1)(m-2)...(k+1)](k!)
%!:m(m—l)(m—Z)...(k+1)
where m>k > 0.
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Differ entiation

Basic Formulae

Let u and v befunctionsof X.Let y beafunctionof U.

i(uiv):%iﬂ
dx dx dx
%(uv) = v% +u % (Product Rule)
S v
d (gjz dx dx (Quotient Rule)
dx\ v v
ﬂ:ﬂx% (Chain Rule)
dx du dx

Derivatives of Standard Functions

Let n bean integer and a be aconstant.

Unless otherwise stated, the derivatives arevalid for all xe R.

NOT in MF15:
y=f(x) :_3:: f'(x) Range of validity/Comments
X" nx"? Memorize %(%) :—X—12 and dgx\/;(zz_j;(
e e*
a a‘lna
Inx 1 x>0
X
sinx COSX
COSX —sinx
tan x sec’ x
COSECX — COSEC X COt X
cot x —cosec’ X
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In MF15:
y=f(x) g—y: f'(x) Range of validity/Comments
X
SCX sec x tan X
sin"! x L x| <1
1-x°
1
cos* x - = x| <1
1-x
tan™ x 1
1+ x°

. 1 . 1
e sinx#——,while cosecx=—.

sin X sin x
_l - 1
e COS X# ,while secx=———.
COS X COS X
_ ) 1
o tanlxs ~while cot x=—.

tan X tan x

Techniques of Differentiation

e Let f(x) beany function and f'(x) be its derivative given in the table above. To find
the derivative of f(g(x)), usethe Chain Rulewith u=g(x) and y=f(g(x))= f(u):
(Example 1)

dy _dy du
dx du dx

S 1(800)= 1 (a(0)xg (¥

e Implicit differentiation: If an equation involving X and y can be expressed as

y = f(x), differentiating explicitly gives % = di f (x). However, if the equation cannot
X dx

be easily expressed as y = f (x), we can find % by differentiating the equation term-by-
term, with respect to X. (Example 2)

Use the Chain Ruleto differentiate afunction of y , say g(y) , With respect to X.

d _d wn.
&g(y)—dyg(y) o
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Parametric differentiation: When a curve involving x and y is described by equations
of the form x= f(t) and y = g(t), with t in some given range of values, each vaue of

the parameter t gives a point with coordinates (x,y)=(f(t),g(t)) on the curve.

(Example 3)

0 Usethe Chain Ruleto find ;ﬂ after calculating % and ﬂ

Applications of Differentiation

X t

dy dy dt_dy dx

dx dtdx  dt dt

o Propertiesof f(x) fromitsDerivatives

dt

For arange of values _ _ i o Gradi dy. .

a<x<b, f(x) is Only if for all a<x<b: i.e. Gradient (&) is:

Strictly increasing % >0 Positive

. . dy .

Strictly decreasing ™ <0 Negative
d2

Concave upwards KZ >0 Increasing
d’y

Concave downwards g <0 Decreasing

o |If for arange of values a< x<b, the graph of f(x) lookslikea U () or apart
of it, then f (x) isconcave Upwards. If it looks likeann (~ ) or apart of it, then

f (x) is concave downwards.

whether these values of — are positive or negative.

. d
0 Useitwhen y

dx

First Derivative Test: To determine the nature of a stationary point at X=¢, evaluate

dy at a X value dightly less than & and a X value dlightly more than «, and observe

2

dy _o.

isdifficult to find (ﬂ is difficult to differentiate) or e =

o In the following table, write the actual values of ™, ¢, " and d_y a these

values of X.

X
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X a” a a’ a” o a’ a” a a’ a” o a’

% >0 =0 <0 |<0 =0 >0|>0 =0 >0|<0 =0 <O
can | /S —NIN\N—//"—/IN\N—\
Natur e of . .

) Maximum Minimum . . . .
;t;trl] f[)nary turning point turning point Stationary point of inflexion

Second Derivative Test: To determine the nature of a stationary point at X=c, evaluate

d? L . .
yy a X=a and observe whether it is positive or negative.
. . d’y

o Inthefollowing table, write the actual values of & and e a X=«.

d’y

dx? <0 >0 =0
a X=«a
’s\ltZ::Jc:rfa?f Maximum Minimum No conclusion
noint y turning point turning point possible

Tangents & Normals

Q: Find theequation of a straight line.
A:  Given thegradient m and apoint on the line with coordinates (x,, Y, ),

Y=Y =m(X=x)

Find the gradient, m, of a straight line.
Given 2 points on the line with coordinates (x,,y,) and (X,.Y,),

m= Yo=Y

X% —%

>0

Given that the lineisthe tangent toacurve y = f(x) a X=«a,

m:%,where X=a

X

Given that thelineisthenormal toacurve y = f (x) a X=«,

m= —1+ﬂ, where X=«
dx

since mm, = -1, where m, and m, are the gradients of 2 perpendicular lines.

35




M athematics Revision Notes 2009
RI(JC) Mathematics Society

Q: Findtheaxisinterceptsof acurve.
A: X-intercepts: Let y =0 inthe equation of the curve and solvefor X.

y -intercepts: Let x =0 in the equation of the curve and solvefor vy .
Q: Findthevalueof X at which thetangent ishorizontal (parallel tothe X-axis).
A: Let Q:O and solvefor X.

dx
Q: Findthevalueof X at which thetangent isvertical (parallel tothe y -axis).
A: dx
Let _:1+ﬂ:0 and solve for X.
dy dx

Q: Find thedistance, d , between 2 pointswith coordinates (x,, y) and (x,, ¥%).
A:

d=yJ0u %) +(a- )’

e Maximization, Minimization & Rates of Change

o Always show that a stationary point you have found is indeed a maximum point
(or minimum point), using either Derivative Test to determine its nature.

0 Remember to include unitsin your final answer.

0 Makesurethat thereisonly 1 variable in the expression before differentiating the
expression with respect to that same variable.

0 Usethe Chain Ruleto connect rates of change.

o Similar triangles and trigonometric ratios are useful in forming expressions.

Example1

Differentiate a* with respect to X.

Solution Comments
¥ =g (since k=€e"* foral keR)
= e’ (since log,b" =rlog,b)
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Let u=xlna, y=¢€".
iax :iexlna :ﬂ
dx dx dx

By the Chain Rule,
dy _ dy du
dx du dx

d , d
=—e'x—xlna
du dx

=(€')(Ina)

~ e (Ina)

=a‘lna il

Example 2 [NJCO6/Midyear]
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iax :iexlna

dx dx
=e™Ina
=a’lna il

Substitute U back with xlna.

The equation of acurve C isgiven by y®+ yx*+ 2x® = k, where k isaconstant.

Find & intermsof X and vy .

dx

Solution

Yy +yxe+2x3 =k

Differentiating with respect to
3y W e Y o6 =0
dx dx

(3y2 +x2)%+ 2xy+6x° =0

(3y2+x2)%=—(2xy+ 6x2)

Comments

Whenever an equation involving X and vy
cannot be easily expressed as y = f (x), use

X, implicit differentiation.
Using the Chai n Rule

vty ey

dy’ ok ok

Using the Product Rule,
d —yx* = i y+ yi X
dx d dx
Y.
dx

Group the terms containing gy by factoring

it out, then shift ;ﬂ to one side and factorize
X

dy  2xy+6x* __2X(y+3x) = further.

dx  3yP+x%  3yP+ X
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Example 3 [ SRICO8/Prelim/1/9i]

The parametric equations of acurve are given by

x:%(e2t

2
Find &y and show that OI—2/<0 for O<t<1.
ax ax

Solution

oy _df 2
d  dxle*-1

_df 2 ) d
dtl e* -1/ dx

| (1?‘_6)2(262‘) ()
- (ez‘Ail) (- - )et
_ 4e‘( +1)

(e2‘—1)3

~2t) and y=¢',where O<t<1.

Comments
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Whenever equations for X and y are given

in terms of a parameter t,
differentiation.

Find = dy and — flrst
dt

Use the Chain Rule.

dx?  dx\ dx

oy_a (o

J

use parametric

Use the Chain Rule to differentiate the
expression involving t with respectto t.
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Foradl teR, O<t<1,
€>1and e >1.

Since € >1>0,
e +1>2>0 and
e -1>0,

e (e2t +1)
——=(-4)| ——— | <0 W (shown)
dX (ezt _1)

Example 4 [N1998/1/7]
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Try to find an inequality satisfied by termsin
d%y d’y

to prove that —-
o P e
the given range of values of t.

<0 for O<t<1.Use

Foral xeR, x>0, € >1.

Show that the factors in the numerator and

e (e2t + 1)

denominator of are al positive,

GE)

hence the whol e fraction must be positive.

A spherical balloon is being inflated and, at the instant when its radius is 3 m, its surface
areaisincreasing at therate of 2 m?s™. Find the rate of increase, at the same instant, of

(1) the radius,
(i) the volume.

[The formulae for the surface area and volume of asphereare A=4zr* and V = ﬂ7rr3 ]

Solution

(i) Let A bethe surface area of the balloon in

2

m°<.

Let r betheradius of the balloonin m.
dA

—=2

dt

A=4rr?

When r =3,

%:87rr =24r

dr

Comments

Define al variables that will be used, with
their units.

Write down all given rates of change, and
any relations between the variables.

Substitute r =3 only in ? and not in
X

A=4xr? | since r is a variable which
takes a specific value of 3 in the question,
not a constant.

Alternatively, find the expression for ar

first, i = i, then substitute r = 3.
dt  4zxr
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d dr dA Identify what you need to find and what is

_—= X —
dt dA dt given: ar given dA and dA . Connect
dA) dA dt dt dr
= (1+ija them using the Chain Rule. Y ou can think
1 of the dA as being “cancelled out”.
= x 2
24
_1
12~
Hence, theradiusis Remember to include units in your find
increasing at L ms'. W answer. Do not write unitsin i since r
127 dt
and t are dready in terms of m and s
respectively.
(i) LetV bethevolume of the balloonin m®.
V= ﬂ7rr3
3
When r =3,
d_V =47r? =367
dr
NNV A srx2-727
dt  dr dt

Hence, the volumeis
increasingat 727 m*st. m

Example 5 [SRJICO8/Prelim/1/6]

The diagram below shows the cross-section of a cylinder of

S B radius X that isinscribed in asphere of fixed internal radius R .
i Show that A? =167%x? ( R? - xz), where A is the curved surface
i area of the cylinder.
i Prove that, as X varies, the maximum value of A is obtained
E when the height of the cylinder is equal to its diameter.
—»
e
—»
' R
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Solution

2R h

2X

%

Let h bethe height of the cylinder.

By Pythagoras’ Theorem,
(2R)* =h? +(2x)°

h=2vR?-x?

A=2xxh
- 27zx(2\/ R? — X2 )
= 47 R? — X2

A? =167°x*(R* -~ x*) W (shown)

aA_ 47rix\/ R* - x?

dx dx

= 47{\/ﬂ+ X(%H

R -
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Comments

Draw a line across the rectangular cross-
section of the cylinder. Introducing right-
angled triangles is useful because it allows
the use of Pythagoras’ Theorem and
trigonometric ratios.

Define al variables that will be used, and
are not already defined in the question.

The curved surface area of a cylinder is its
circumference x height = 2zrh=2zxh.

Since the expression to be proven is in
termsof R and X only, express h in terms
of R and X first.

Use the Product Rule. The question states
A is to be maximized as X varies, so find

the appropriate derivative 3—A .
X

Since R isaconstant, diR2 =0.
X
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_ T (Re-2¢)
R? — x?
When %:0,
dx

R-2¢=0

X =

. _F
2

R R
X=— or ——= (rejected " x>0
RPN A )

X=—=

NE
@] % @
% >0 =0 <0

R .
Hence, X=—= maximizes A.

V2

R
When X=—~, R=+/2x,

J2
h=2JR? - x*

=2 (\/Ex)z — X
N

=2x or —2x (rejected . x>0 and h>0)

h=2x= diameter of cylinder B (proven)
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Factorize ? by removing terms which
X

you know are non-zero, such as constants

and [f(x)]z, Jf(X), where f(x)=0 for

al X. eg. xR here (*"x=R=h=0),

so VR -x*>0.

This alows cancelling out of terms when

oA isequated to O .
dx

To prove A is maximum when h=2x,

first let 3—A=0, then solve for X.
X

Always verify the nature of the stationary
point. Here, ? Is difficult to differentiate,
X

so usethe First Derivative Test instead.
Since there is only 1 value of X which
gives a stationary point, it must be the
“maximum value” to be proven.

To carry out the test, choose some R>0,
eg. R=1.

Express R in terms of X, then substitute
for R intheequation h = 24/R? - x* .
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| ntegration

Basic Formulae

Let U and Vv befunctionsof X.

J(u +v)dx = judx+ Jvdx
I% f(x)dx=f(x)+c Integration reverses differentiation.

%jf (x)dx = f () Differentiation reverses integration.

If f (x) is afunction which is defined and continuous for all a< x<b and
If (x)dx: F(x)+c
then the definite integral of f (x) from a to b withrespectto X is:

b

j: f (x)dx=[F (x)]. =F (b)~F (a)

I ntegration of Standard Functions

Let n bean integer and a be aconstant.
Unless otherwise stated, the derivatives below hold for all xeR.

Remember to include the arbitrary constant ¢ for indefinite integrals.

NOT in MF15;
Range of
f (x) Jf(x)dx valié]ity f (x) jf(x)dx
Xn+1
X" n=-1 aosX sinx
n+1
1 In|x] sinx —00SX
X
e e sec? X tan x
X ax
a
Ina




In MF15:

f(x) jf (x)dx
2 | L]

X* +a a a

1 . X

snt =

1 il X—a
x> —a? 2a \x+a
1 il a+xj
a®—x? 2a \a—Xx

Range of

validity
x|<a
X>a

x|<a

M athematics Revision Notes 2009
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f (x) jf (x)dx
tan x In(secx)
cot X In(sinx)
COCX | —In(cosecx+ cotx)
tan x In (sec x+ tan x)

Range of
validity
1
X<Z7x
2
O<x<rm

O<x<rx

X <£7z
2

If jf(x)dx involves a logarithm (In[g(x)], where g(x) is a function of X), place a
modulus around the expression within the logarithm, i.e. write In|g(x)|. This removes the
need to specify the range of validity.

e &g 'fcotx: Injsinx|+c

Techniques of | ntegration

o Let f(x) beany functionand F(x) beitsintegra given in the table above. To find the
integral of f(g(x))xg'(x), where g(x) is a function of X, use the fact that by the

Chain Rule from differentiation, %F(g(x))= f(g(x))xg'(x).

Hence,

ff (9(x))xg'(x)dx=F(g(x))+c

e Trigonometric Formulae: Used to integrate expressions with trigonometric functions.

NOT in MF15; In MF15:;
dn? x+0os? x=1 Sin2Xx = 2Sin XCoS X
tan® x+1= 9% X CoS2X = cos” X—Sin? X
oot* X+1=00sec” X = 2008 x—1
=1-2sn?x

(and others)
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Partial Fractions: Used to integrate expressions with an algebraic fraction, which has a
denominator that can be factorized (or is already factorized). Splitting the fraction into

f'(x).
t(x)

partia fractions can help integrate it, since the partial fractions will be of the form

Partial fraction decomposition formulae are given in MF15.

Integration by Parts: Used to integrate expressions with a product of 2 distinct functions.

fu;—d\):dx:uv—jv%dx

Generally, choose U in the following order such that ? IS easier to integrate:
X

LIATE: Logarithmic, I nverse trigonometric, Algebraic, Trigonometric, Exponential.
o Tofind J f (x)dx when you can find Ixf ‘(x)dx, let u=1 and %: f(x).
X

0 Usealgebraic manipulation if 'ff (x)dx becomes the only integral on both sides.

Integration by Substitution: If asubstitution is required, it will be given in the question.
Tofind [f (x)dx with the substitution x = g (u):

dx

jf (x)dx:jf (g(u))adu
For definite integrals,
X u, dx
le f (x)dx = j f (g(u))adu

where x, = g (u,) and x, = g(u,)-

0 For indefinite integrals, express your final answer intermsof X, not u.



Applications of | ntegration
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y y="1(x)
77
/é 77 —>
a 0 b X

If f(x)>0 for al a<x<b, and R is the

area between the curve and the x -axis from
X=ato x=b,

The area of R can be approximated by the
sum of areas of n rectangles, as shown.

The exact area of R is the limit of this sum
of areasas N — o, i.e. the definite integral:

I: f (x)dx

If f(x)>g(x)>0 foral a<x<b,
Areaof R:
JLF(9-9(x)]ox

Volume of solid formed when R is revolved
completely about the x -axis:

2| (F(9) (a9 o

x=g(y)

x=f(y)

If f(y)>g(y)>0 foral a<x<b,

Areaof R:

[T (v)-a(y)]d

Volume of solid formed when R is revolved
completely about the y -axis:

[ (F ) -(a0) oy
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y

x=f(t), y=g(t)

If a function is defined in parametric form
as x=f(t), y=g(t), ad y=g(t)>0 for
al a<x<b,

Areaof R:

q dx
t)—dt

where f (p)=a and f (q)=bh.

If y=f(x) has both positive and negative

components within the limits of integration,
split the area between the curve and the X -
axisinto its positive and negative parts.

If f(x)<o0 fordl a<x<c and
f(x)20 foral c<x<b,

Areaof R:
J':—f (x)dx+Jcbf(x)dx

Or:

I

f (x)‘ dx

AY . y=f(x)

d
\é i y=9()
Z 0 3 ¢ X

If y=1f(x) ad y=g(x) intersect each
other within the limits of integration, split the
area between the 2 curves into where
f(x)>g(x) andwhere g(x)> f (x).

If g(x)>f(x)>0 for adl a<x<c and
f(x)>g(x)>0 foral c<x<b,

Areaof R:
[Lo(= 1 (ax+ [T 1 (x)-g(x)]ox

Or:
I:‘f(x)—g(x)‘dx
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If y=k forsomekeR, k#0,and a<b,

»

y
y=k |Areaof R:k(b-a)
The solid formed when R is revolved

completely about the x -axis is a cylinder
with radius k , height b—a, and volume:

N

7rk2(b— a)

e Usethe GC to check your answer, or find an integral if an exact answer is not required.
0 [MATH] > [9], then key in fnint(<expression>, X , <lower limit>, <upper limit>)

e.g. to find I:xzdx, keyinfnlnt(XZ,X , O,).

e Use the GC to sketch graphs of functions first before finding the areas or volumes
required. For parametric functions, use [MODE] - PARand key in T using[ X, T, n].

Example 1 [NO8/I/5]

1
()  Find the exact value of Ioﬁ dx .

1+9x°

(i) Find, intermsof n and e, Jlex”lnxdx,whae n=-1.

Solution Comments

Recognize when the integral is of aform given

[ L 1
R KTV | R Y
0 1+9x 970 x2+(1j in MF15, here
3

. 1
>— - Either extract — to get
X“+a 9

2 1 .
1 . 1 the x° term, as shown, or extract — (since
- [t (395 3

%(3X) =3) to get:

= }(tan‘1 J3-tan? O)
3 1
1= 3
1z Nl
=33 1% +(3x)
:% n Then, apply the formulain MF15.

Check your answer using GC.




ii
(i) Let u=|nx,%=x“.
dx
n+1
Thenﬁzi,v:x .
dx X n+1
e n+1 e e n
J'x“Inxdx= X" Inx —I X dx
1 n+1 1n+1

x"dx

i n+1 L n+1-1

= _Xn+l|nXT_ 1 Ie

i Xn+1 |n X Xn+1 ]e

__ n+1 (n+1)2 )

__en+l en+l O 1

- - 2 || YT 2
N+l (n+1) (n+1)
en+l en+l 1

Tnel (ne1) (ned)’

e (n+1)-e" +1
(n+1)2

_ne™+1

(n+1)°

Example 2 [HCIO8/Prelim/1/10]

The diagram below shows the graphs of y= )2
2x°+1
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Here, Inx is Logarithmic and x" is Algebraic,
so by LIATE, choose u=Inx. Write out u,
dv du

and v

dx’ dx’
n is a constant, so treat it as a constant when

integrating.

For definite integras, remember to keep the
limits on every term (integrals and results of
integrals).

Check your answer using GC by choosing some
n,nx-1,eg. n=2.

2
and y=x*, for x>0. R is the region

bounded by the y -axis, both curvesand y=1.

15

-

0
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(i) By substituting y:%sinze , find the exact value of

I120'y

(i) Verify that the two curves intersect at the point ( 1 Hence or otherwise find the

=4

exact area of region R.

(i)  Find the volume of the solid generated when R is rotated through 27 radians about
the y -axis, giving your answer correct to 3 decimal places.

Solution Comments
i) dy 1(2%9)(0059) To find If(y)dx with the substitution

déo B _

— SnBcosd y=9(0), recal the general formula:
When y=0, s§nd=0=6=0 Jyzf(y)dy:ﬁzf(g)j_;da

l . \/E Y (!

When y=72, sing=—- where y,=9(6,) and y,=9(6,).

V2 7 o .
or Y (rejected) :>49=Z For a definite integral, change 4 things from

the original integral:

Limits of integration.
The function to be integrated.

. dy
Multiply by — .
ply de

d W DR

Integrate with respect to 6, not vy .

Find 1. and 3. first in your working.

1 Write out the original integral, and make all 4
Ly ES n’é dy changes above at the same time. Simplify the
I4 T o0 j PRI ( J df  substituted integral.
o\1-2y 1-sin@\ dé

B Lgn2e
= [#4|2 >— singcosddd
0 cos@

—sm 6 cosddé
0 cosé

I P
—ﬁj‘o“sm ode
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1- 00520 do
2«/_ j

9—1sm249}
0

371

“ell53keo)

units’ |

(D When x——

\/_

|_\
| =

X 2
—= =
2x* +1 2(1]+1 4

2
Hence, the curves intersect

at the point (i 1) B (verified)

J2'4

1
y=x'=x=y*
X2
2X% +1
= 2yx°+y-x*=0
=(2y-

1)x* =-y
Yy
1-2y
/ y .
- ted - x>0
or 12y (rejec x>0)

y:
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To integrate sin® x or cos® x, use the double-
angle formulafor cos2x to convert them.

cos2x=1-2sin*x=2cos* x—1

sin’ x= 1 (1— COS2X)

cos® X = 5 (1+ COS2X)

The question only requires you to verify

1

(NOT show) that at (E%J the curves

intersect. Hence, just show that the point lies
on both curves.

If the question requires us to find all

intersection points, you must use the equation
2

X
X' =—>— and solvefor x.

2x°+1
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1 y . 1
Area of R:IO4 /mdwaL y“dy
- 4

_V2(z-2) 4 4
16 5 5
_V2(z-2) 4 4
16 5 5
_V2(z-2) 4 1
16 5 5
_\/5(7:—2) 4
16 5
_4,m2 N2 2
5 16 8
4, 22 92
5 16
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Look at the graph above to decide what to
integrate. From y=0 to y:% , R is

bounded by the y -axisand x= L.

1-2y

From yzi to y=1, R isbounded by the y

1
-axis and x=y*. Hence, split the integral
into these 2 regions.

The method shown here integrates with
respect to y, For each curve, express x in

terms of y, then integrate with the limits
from the y -axis.

We know the value of the first integral,

I . 2 —=——dy, from part (i).

Alter native method

Let A be the region bounded by the axes,
x=1 and y=1, as shown by the dotted

rectangle in the graph above. A isarectangle
with area 1.

Areaof region R
= Areaof region A
— Areaof region outside R and inside A
2

1
= 1| [ —dx+ [ XX
0 2x°+1 5

2

Use long division on

241 09

integral of theform ——— 1 , then use MF15.
a+x

The alternative method integrates with respect
to x. Each curveisaready expressedas y in

terms of x, hence integrate with the limits
from the x -axis.
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(@iii) Volumerequired
[y v

:ﬂ[ :

01-2y
=1.984 units® (3d.p.) W
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Volume of revolution about y-axis is given
by ﬁszdy. Again, split the integral into 2

regions, then express x° in terms of y for
each region.

The question states “3 decimal places” but not
“exact”, suggesting that you find the volume
directly using GC.
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Differential Equations

Below, DE denotes Differential Equation.

For ms of DEs and General Solutions

Convert any given DE into one of these 3 forms.

Form General Solution

ﬂ: f(x) I ntegrate both sides with respect to x . y:jf (x)dx

dx

d_; Divide both sidesby f (). 1 \dy

=f(y) A

dx f(y))dx
I ntegr ate both sides with respect to x . J- f (1y) dy = X
Y ou can imagine the dx ’s cancelling out:

1 |dy 1
—— |=—dx=|——=dy
I(f(y)JdX I t(y)
2 I ntegrate both sides with respect to x .

%:f(x) eg P %:jf(x)dx
SayJ'f(x)dx:g(x)+A, ﬂ:g(x)+A
where A isan arbitrary constant. dx
I ntegrate both sides again with respect to x . y:I(g(x)+ A)dx

:Ig(x)dx+ AX

Say [g(x)dx=h(x)+B, y=h(x)+B+Ax
where B isan arbitrary constant.
There are 2 arbitrary constants in the y=h(x)+Ax+B
genera solution of thisform.

Particular Solutions

e To find a “particular solution” to a DE, given some initial conditions,
1. Substitute theinitial conditions into the general solution.
2. Find the value of the arbitrary constants.
3. Rewrite the general solution with the known values for the arbitrary constants.
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e Todraw afamily of solution curves,
1. Substitute at least 3 distinct values for the arbitrary constant c.
Generdly, ensure you include these 3cases: c=0, c<0,and ¢c>0.
2. Draw the graphs using GC, indicating intercepts, asymptotes, turning points, etc.

Solving DEs by Substitution

dy

If a DE is given as ol f (x,y) and a substitution v=g(XY) is given to solve this DE,

where f(x,y)and g(x,y) are functions of x and y, aim to express the DE in terms of v
and x only (without Yy).

1. Differentiate the given substitution with respect to x to get % in terms of ?—‘Z v and x.
- dy . av

2. Intheorigina DE, express y and v in terms of o v and x.

3. Convert the substituted DE into the form required or one of the 3 standard forms above.

4. Solvethe DE.

5. Express v intermsof x and Yy, such that your final answer isintermsof y and x only.

Modelling

¢ In modelling questions, focus on forming the DE correctly as abasis for your answer.

1. Define dl variablesthat will be used, and are not already defined in the question.
2. ldentify therate of change, say % Then the L.H.S. of the DE will be %

3. Rate of change = Rate of increase — Rate of decrease,
where Rate of increase and Rate of decrease are both positive.

o If % is proportional to something, e.g. x’t, then %oc Xt . Write:

% =kx’t, where k isa positive constant.

o If % isinversely proportional to something, e.g. x’t, then %chizt Write:

dx k . "
— =——, where k isapositive constant.
dt  xt

e Look out for key phrases in the question such as “water flows out at a rate of ...”, which
indicates a rate of decrease, or “is proportional to”, which indicates proportionality.
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Example 1 [N08/1/4]

(i)

(i)
(iii)
(iv)

(i)

(i1)

(iii)
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Find the general solution of the differential equation

3X

X 41

Find the particular solution of the differential equation for which y=2 when x=0.

What can you say about the gradient of every solution curveas X — 100 ?

Sketch, on asingle diagram, the graph of the solution found in part (ii), together with
2 other members of the family of solution curves.

Solution

dx X+l 2\ x+1
3¢ 2X
y= Ix2+1

dy  3x 3( ZXJ

dx

:gln(x2 +D+c,

where ¢ isan arbitrary constant.

When y=2, x=0,
c=y—gln(x2+1)

=2—§In1
2

=2
32
y:EIn(x +)+21

As X— *x0, the gradient of every
solution curvetendsto 0. W

Comments

The DE is of the form ;ﬂ: f(x), so just
X

integrate both sides. Remember the arbitrary
constant c.

Write thisline for proper presentation.

1. Substitute the initia conditions into the
genera solution.
2. Find the value of the arbitrary constants.

3. Rewrite the general solution with the
known values for the arbitrary constants.

The gradient of every solution curve is

&_
dx  x*+1
because the denominator x*+1 will “grow

dy

faster” than the numerator 3x, &—>O.

, from the DE. As X—+too

OR

3x
xX*+1
Observe the asymptote y=0 as X — 3.

Use the GC to plot the graph of y=
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(iv) yzgln(x2+1)+2, c=2

AY

2

A

y=§|n(x2+1), c=0

y:gln(x2+l)—2, c=-2

Example 2 [NY JCO8/Prelim/I1/1 (Part)]

Show that the differential equation

<V
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Choose 2 other solution curves which are
representative of al values of c . Since
c=2 is arequired curve, choose c=0 and
some ¢c< 0, here c=-2.

Use the GC to draw the graphs of the
solution curves.

When the genera solution is of the form
y=f(x)+c , the solution curves are
trangations of each other along the y-axis.

The gradient is 0 at x=0, since

b ?X =0. At some zoom levels on
dx x°+1

the GC, e.g. ZStandard, the curve looks like
a “V”” with sharp tangents at x=0.

The graph has no horizontal asymptote,
even though from part (iii), the gradient of
every solution curvetendsto 0 as X — +x.

xzﬂ—ny+3:0
dx

may be reduced by means of the substitution y = ux’ to

du

3

x K

Hence, or otherwise, find the general solution for y intermsof x.

Solution

y = ux®
dy du
&:u(Zx)+&(x2)

= 2ux+ X* du
dx

Comments

1. Differentiate the given substitution with

dy

du
respect to x to get — in terms of —, u
€sp g o o

and x.
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x2(2ux+ NG %}— 2x(ux2)+3: 0

X

x“%+2ux3—2ux3 =-3
dx

du 3

PV = B (shown)
du__3
ax X

u="ic

X3
y=ux2:>u=l2

X

lz=—3+C
X X

1
y==—+cx’ i

X

Example 3 [HCIO8/Prelim/1/7]
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dy

In the original DE, express y and PV in

N

terms of % uand x.
dx
3. Convet the substituted DE into the form
required.
4. SolvetheDE.

The DE is of the form ;ﬂz f(x), so just
X

integrate both sides. Remember the arbitrary
constant c.
Write thisline for proper presentation.

Express u interms of x and Yy, such that your
final answer isintermsof y and x only.

A hospital patient is receiving a certain drug through a drip at a constant rate of 50 mg per
hour. The rate of loss of the drug from the patient’s body is proportional to x, where x (in
mg) is the amount of drug in the patient at time t (in hours). Form a differential equation

connecting x and t and show that

where A and k are constants.

Giventhat k = i ,
20

k(50— Ae-“),

i) Find the time needed for the amount of drug in the patient to reach 200 mg, if initially
thereis no trace of this drug in the patient’s body.

(i)  When there is 80 mg of the drug in the patient’s body, the drip is disconnected.
Assuming that the rate of loss remains the same, find the time taken for the amount of
drug in the patient to fall from 80 mg to 20 mg.
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(i)

Solution
Ko o
dt

where k isapositive constant.

)
50— kx | dt
de:jldt
50— kx

1, —k
_Ejso—b(dxzjldt

—%In|50—kx|:t+c,

where ¢ isan arbitrary constant.
In|50— ko =—kt —kc
[50-log ="

50— kx = +&7* (e‘kt ) = Ae’™,

where A=+e™* jsan arbitrary constant.
kx=50— Ae™

x:%(SO—Ae‘“) W (shown)

t
X = 20[50— AeZOJ

Whent=0, x=0,
0=2o(50—Ae°)

A=50

t
X = 20(50—50e_2°]
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Comments

Rate of increase is constant at 50. Rate of
decrease is proportiona to x, so write it as
kx , where k isapositive constant.

Now, Rate of change
= Rate of increase — Rate of decrease

The DE is of the form %: f(y), sodivide

both sides by f(y), then integrate both
sides. Remember the arbitrary constant c.

Evaluate both integrals and introduce the
arbitrary constant in 1 step.

The modulus is eliminated by transferring it
to the arbitrary constant A=+e*°.

Use the information given: k = 2—10 Interpret

1]

the question: “Initially” means t=0,
trace” means x=0.

no

1. Substitute the initia conditions into the
genera solution.

2. Find the value of the arbitrary constant.

3. Rewrite the general solution with the
known value for the arbitrary constant.
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(i)

When x=200,
t
200 = 1000[1— em]

|_\
(0]
S
|
gl

t= —20In[gj =4.46 hours(3sf.) &

dx 1

=——X
dt 20
_Q(%jzl
X \ dt
—zojldx=j1dt
X

—20In|{=t+B,

where B isan arbitrary constant.

When t=0, x=80,
B=-20In80
—20In|xI:t—20In80

When x=20,
t=20In80-20In20

=20In4
=27.7 hours (3sf.) &

M athematics Revision Notes 2009
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Interpret the question: Find t when x=200.

“Rate of loss remains the same”, but the drip
Is disconnected, hence the rate of increase is
0.

With the given value of k, rewrite the DE

and solveit.

Evaluate both integrals and introduce the
arbitrary constant in 1 step.

Remember the arbitrary constant, but since c
is already used, use another letter, say B.

Interpret the question: Initially, there is 80

mg of drug, so t=0 and x=80. Find t
when x=20.
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Power Series

If afunction f (x) can be expanded as a power series:

2

f(x)= f(0)+ xf ‘(O)+% f "(O)+...+)r(]—r: f™M(0)+...| (In MF15)

d"f(x)

n L]

where f™(0) isthe nth derivativeof f(x),i.e evaluated at x=0.

The expression on the RHS is known as the Maclaurin’s series, atype of power series.

In the formula above, x may be replaced with any function of x .

The Maclaurin’s series of the following functions are a'so in MF15:
o (1+x)" for | <1 (Thisisthe binomial expansion for rational index)

o €",sinx and cosx foral x
0 In(1+x) for —1< x<1 (Notetherange of valid x values)

Maclaurin’s series are infinite series.

The nth term in the Maclaurin’s series is

X £
~ 170

FAQ

Q: Find the Maclaurin’s series for f (x),up tothetermin x*.

A: 1. Differentiate the expression repeatedly. | mplicit differentiation may be helpful (or
necessary if the question states “By further differentiation of this result”).

dkf(x).

Find equations connecting all derivatives up to the k th derivative .
dx

2. Evaluate f(x) anditsderivativesat x =0 using the equations found. When x=0,

o f(X)=1(0)

° ﬂ— !
dx_f(o)
d’y

d“f (x)
—2=1"(0), etc. upto = £1(0).
dXZ ( ) p dxk ( )
3. Substitute f(0), f'(0), f"(0) etc. into the formula for Maclaurin’s series.
Write out each term in ascending powers of x , upto x*.
4. Check your answer by substitute a small value of x, e.g. x=0.01 into both the

original expression and the Maclaurin’s series.
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Small Angle Approximations

Using the Maclaurin’s series of sinx, cosx and tanx up to thetermin x*,

sin kx =~ kx
2
coskle—m

tan kx =~ kx
where k isaconstant. The approximation is accurate when |x| issmall,i.e. x iscloseto 0.

e To approximate e.g. sin(x+%} where x is small, do NOT write sin(x+%sz+%,

since x+% is not small. Instead, use the addition formula for sn. Since x is small, the

approximationsfor sinx and cosx arevalid.

. T . T . T
Sin| X+— | =SIN XCOS— + COSXSIN—
4 4 4

Example 1 [HCI08/Promo/12]

Giventhat y = xtan™ x, prove that
2
(142¢) Y4 oY 5y 20
dx ax
By repeated differentiation, show that the first two non-zero terms of the Maclaurin’s series

for y are N

. [ x=tantx
Hence evaluate |Im(—3].

x—0 X
Solution Comments
_ -1
y = Xxtan— x Differentiate y to get %
dy_ tan™ x+———
dx 1+x
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(1) =

=(1+x®)tan™ x+ X
= (1)
2

(1+2) Y 4 2x Y 14 oxtan w1
dx dx
2
(1+ xz)d—ZJr ZXQ—Zy—Z:O B (proven)
dx dx

3
(1+x2)d Y, o) 4V o dy ody dy

dx® dx? dx? dx dx
dy d’y
(1+X2)ﬁ 4 7:o
dy _ d’y  d’y d’
1+ X2 +2X—2 +AX—2+ 4 =0
( )dX4 dx® dx® dx?
4
(1+x)dy 6x ‘3)(3 4Oly 0
dx*
When x=0,
dy _ dy_ gy _ gy
=0,—=0—= 2— =—
y dx dx? ax® ax*
2 4
y=0+0x+2[%}+0x3—8(x—'J+
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Since the expression to be proven contains

2
(1+ xz)% manipulate the equation to

2 )
. o\ dy L
contain (1+x )& , then use implicit

differentiation.

Use the Product Rule and Chain Rule, and
remember:

d, | dy
dx(y) dx

d(dy) d’
dxldx ) dx?

2 3
i[ﬂj:d Y wc

dx| dx? ) dx’

Since the question requires the series up to
4

x" , find equations connecting all
4

dy
x.

Evaluate y and its derivatives a x=0,
using the equations found above.

Substitute the resulting values into the
formula for Maclaurin’s series.

Convert the expresson to contan
xtan™x . Substitute the series for

xtan™ x which has been found into the
expression.

As x tendsto 0, the x°, x° etc. terms get

smaller faster than the %x“ term, thus the

1, )
§ X" term dominates the numerator.
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Example 2 [NY JCO8/Preim/11/3 (Part)]

A curve C isdefined by the equation Zy%z y*—1and (0,2) isapointon C.
i)  Showthaa x=0, & ay_o1
d® 256

Find the Maclaurin’s series of y up to and including thetermin x°.

(i) Hence find the series expansion of €’ , up to and including theterm in x°.

Solution Comments
(1) dy , 1 Differentiate the equation of C
y&— y - repeatedly. Since the question requires
the series up to x°, find equations
2y 4, zidyj _oyW dy
dx dx dx connecting al derivatives up to YR
(9]
dx*  \ dx dx Since differentiation here is with respect
d’y (dy)(d’ dy)(d’y to x, by the Product Rule and Chain
3t +2 Rule:
dx dx )| dx? dx )| dx? : ,
CYRCARVEANED
yd y (dyj dx(yde_y{dxz]J{dx
dx*  \dx
yd3y+3( j( j 2y+(ﬂjz Evaluate y and its derivatives a x =0,
’ X2 dx using the equations found above.
When x=0,
y-2%.3
ax 4

2 2 2
4d—¥+2[§j = 4[§j:d—Z:E
dx 4 4 dx- 32

3 2
FRLEREN
dx 4 )\ 32 32 4

d’y 57
—=—— M (shown
o 2 ( )
3 15(x®) 57 (% Substitute the resulting values into the
-'-y=2+ZX+§ e e formula for Maclaurin’s series.
y= 2+3x+15 2 1—9x3+
4 12



(”) 2+ 3% B2, 3B,
Y _a 4 e T

=€ +§e2x+Ee2x2 +...H
4 64

Example 3 [ Y JCO8/Prelim/1/4iii]

Itisgiventhat y = tan(e*-1).
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Substitute the series for y which has
been found into the expression. €* must
5 be extracted. Otherwise,
15 ,
64" )" 1., 1
Y _ T\ =
e _l+y+2!y +3!y3+...

will have infinitely many constant terms,
since each y contains a 2. Hence, this
series cannot be simplified.

2
i)  Provethat 2 y=d—y(1+2eXy).

B dx

(i) Find Maclaurin’s series for y in ascending powers of x, up to and including the term

in x°.

(iii)  Deduce the first three terms of the Maclaurin’s series for

We will focus on part (iii) only.

From part (i): &_ e"sa:z(eX —1)

dx

1 1
Frompart (ii): y= x+§x2+§x3+...

Solution

(iii) ﬂzexsecz(ex —l)
dx

d( 1, 1., j
=—| X+=X"+=-X+...
dx 2

TV N
2

secz(e"‘ —1)
e
Comments
2 f ~—X
ﬂ looks similar to w. To obtain the series
dx e
dy

of d_x , differentiate both sides of

y:x+1xz+lx3+...
2 2

sc’(e” -1

Since has an € term, substitute x with

-X.

Questions on binomial expansion or power series
commonly include differentiation and integration
concepts.
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Binomial Expansion

Binomial Expansion for Rational | ndex

n(n-1) . n(n-1)...(n-r+1)
2! r!

where n is either anon-integer rational number or a negative integer, and |x| <1.

(1+x)" =1+nx+ X" +...| (In MF15)

e Theexpansionisan infinite series.

e For theexpansionto bevalid, |x|<1.

e Usethe GC to check your answer by substituting some x within the range of validity. The
actual value and the value given by the expansion should be approximately equal.

e Knowing “shortcut” expansions (NOT in MF15) can be convenient. For |x| <1,
(1—x)_l =1+ X+ XX+ X

(1+x)_1:1—x+x2—x3+...+(—1)r X+ ...

(l—x)fz:1+2x+3x2+4x3+...+(r +1) X +...

FAQ

QL Expand (a+ bx“)n in ascending powersof x up tothetermin x*,

where a and b areconstantsand x° isa positive power of x.

Al: 1. Extract a" to convert the expression such that it contains 1 as aterm.

A" n bx¢ |
(a+bx) ~—a [1+ a}

2. Usethe binomial expansion for rational index, including only terms up to x*.
Use the above “shortcut” expansions if possible to save time.
Write out the entire expression before smplifying to reduce careless mistakes.

3. Simplify the coefficients.
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Q2

A2:

Q3

A3:

Q4.
A4

Q5:

Ab5:

Q6:

AB:

Q7.

AT:
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Statethe range of valuesof x for which the expansion of (a+ bx")n isvalid.

1. Look at the expression immediately before the binomial expansion was used.
It should be of theform [1+ f (x)]".

2. For the expansion of [1+ f (x)]",
the range of validity is | f (x)| <1, i.e.
-1< f(x)<1
3. Simplify the inequality to give arange of values of x.

Expand an expression in ascending powersof x up tothetermin x*.

1. Express the expression as a product (or sum) of terms of the form (a+ bx")n,

using partial fractionsif required.
2. For each factor, follow the 3 stepsin Answer (1) above.
3. Multiply (or add) the expansions for each term together.
4. Discard any terms which have a power of x greater than k.

State the range of values of x for which the expansion of an expression isvalid.

1. Using Answer (2) above, find the range of values of x for which the expansion of
each term of theform (a+ bx“)n isvalid.
2. The set of values of x for which the entire expression is valid is then the

inter section of the sets of values of x for each term.

Expand (a+ bx“)n in descending powersof x up tothetermin x*.

Same as Answer (1) above, but for Step 1.
Extract (bxc )" instead of a" to convert each factor such that it contains 1 as aterm.

(s =(o) |20 2|

Find the r th term (or its coefficient) in the expansion of an expression.

Use the fact that the (r +1)th term in the expansion is
n(n-1)...(n—r+1) N
r!

r

By putting x = a, find an approximation for b,
where a and b areconstants.

1. Ensure a iswithin therange of valuesof x such that the expansion isvalid.

2. Substitute x = a into both the original expression and the expansion.
3. Manipulate the equation to obtain an approximation for b .
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Example 1 [N2006/1/12 (Modified)]
() Express

in partial fractions.
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1+ x—2%°
(2—x)(1+ XZ)

(i) Expand f(X) in ascending powers of x, up to and including thetermin x*.
(i)  Find the set of values of x for which the expansion isvalid.
(iv)  Deduce the equation of the tangent to the curve y = f (x) at the point where x=0.

Solution

(i)  (working omitted)
1+x 1

f(x)= —

9 1+x* 2-x

() f(x-= (1+ x)(1+ xz)_l ~(2-x)"

=(1+x) (1+ NG )_l -2t (1— ng
=(1+x) (1+ X2 )71 —%(1— gj_l

=(1+ x)(l— x2+...)

1. 1 (1Y
—— |1+ =X+| =X | +...
2 2 2

_1oxax—toty Ly
8
13 %% .
2 4 8

Comments

Use the partia fractions decomposition
for a non-repeated quadratic factor in the
denominator (in MF15).

Express f(x) as a sum of terms of the

form (a+ bx°)n.

For each term,

1. Extract a" to convert the expression
such that it contains 1 asaterm.

2. Use the binomia expansion for
rationa index, including only terms

up to x°.

Use the “shortcut” expansions of
(1- x)*l and (1+ x)f1 to savetime.

3. Simplify the coefficients.

Ignore x(-x*)=-x* when simplifying,
since the expansion should be up to x*.
Write “...” after the first few terms of an

expansion (after any expansion in any
step).
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(iii)

(iv)

1
-=X
-3

<1 and ‘x2‘<1

|x|<2 and |x|<1
—-2<x<2 and -1<x<1

For the expansion to be valid,
Set of valuesof x={xeR:-1<x<1} N

When x=0, y:1 and ﬂ:i
2 dx 4
Equation of required tangent:
1 3
-—=—(x-0
Y 2 4( )

3.1
=—x+- 1
Y 4 2

Example 2 [HCIO8/Prelim/1/6]
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Immediately  before the  binomia

expansion was used, the expressions were

(1—1xj_1 and (1+x2)"
2 ( ) '

For the entire expansion to be valid, both
binomia expansions involved must be

valid, i.e. <land \x2\<1.

1
-=X
2

Find the intersection of the 2 sets of
values, and give the fina answer in set
notation, since the question specified “set
of values”.

Use set-builder notation, NOT interva
notationi.e (-1,1).

To find the gradient of the tangent, find
dy

PV when x=0. To find the point of

tangency, find y when x=0.

A dtraight line with gradient m and
passing through a point with coordinates

(x,y,) hasequation:
y— Yy =m(x-x)

Questions on binomia expansion or
power  series commonly include
differentiation and integration concepts.

Expand (1_—)() in ascending powers of x up to and including theterm in x°.

1+ X

State the set of values of x for which the series expansion isvalid.

p

Hence find an approximation to the fourth root of ;—i , in the form a where p and q are

positive integers.
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Solution

(ﬂj (X ()

1+ X

=1-nx+ X2 — X+ N°X° +

n(n+1)
2

=1-2nx+2n°x°+... A

For the expansion to be valid, x| <1.
Set of valuesof x={xeR:-1<x<} &

n(n-1) X+ ..
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Comments

Express f(x) as a product of terms of

the form (a+ bx“)n .

Use the binomia expansion for rational
index, including only terms up to x>.

Write out the entire expression before
simplifying to reduce careless mistakes.

Choose 1 from the first bracket and
S n(n+1) ,
multiply it with 1, —-nx, and —————=X

in the second bracket in turn. Do the
same with the other 2 terms in the first
bracket.

While doing so, discard any terms which
have a power more than 2, since the

expansion should be up to X°.

Immediately before the binomial
expansion was used, the expressions

were (1-x)" and (1+x) .

For the entire expansion to be valid, both
binomial expansions involved must be

valid, i.e. |-x|<1 and |x<1, but both
inequalities are equivalent to x| <1.
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Let x=i and nzl.
20 4

Since || = Zio <1, the expansion is valid.

1

1 V4

(1_ xjn AR
1+ X 1

1+ —
1
_(20-1)4
20+1

20
\/E
=4 —
21

oA

:3—121,where p=3121and q=3200. W
3200
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nzl, since 19 raised to the power 1
4 21 4

is the fourth root of ;—i It remains to

make
19 1-x
21 1+x’
with |x| <1 for the expansion to be valid.

Solvefor x directly to get x:zio.
OR

Try to write g in a similar form as

1-x .. 20-1
——. You may come up with ——,
1+x 20+1
which suggests dividing both top and

bottom by 20 to get

Hence, x=i.
20

Substitute x=% back into the

expansion. Since only the first few terms
are taken, write *“ ~” instead of “="
where the approximation occurs.
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Vectors

When representing vectors as single | etters, write a squiggle undernesth: a.

Basic Formulae

Distance between a, o)

2POINS | 1£ 5 noints have position vectors a=| a, | and b=| b, |, then:

& b,
28| = (&b +(a, b, +(a-b)

Unit vector | A unit vector isavector with modulus 1, usually used to specify
direction. The unit vector a of avector a isgiven by:
. a
a=—
g

Ratio theorem | If the point P divides AB suchthat AP:PB=A1: u, then:

@:yOAJrﬂ.OB
A+u
In particular, if P isthe midpoint of AB, then 6I5:—OA+OB.
Angle, @, between: a-b
2vectors a and b: 0 =cos™| ——
b
2lines
L :ir=a,+4b,, 0 =cos™ |bl.b2|
l,:r=a,+ub,: |b1||b2|
2 planes
Zr N =P, 0 = cos Ny, |
Z,r N, =p,: Iyl
alinel:r =a+4b and 0 lo-n|
: =sin"| ——
aplane z:r-n=p: Ib|[n]

Between 2 lines, 2 planes, or aline and a plane, there are generally 2
angles, 1 acute and 1 obtuse. The modulus around the dot product in
finds the acute angle.

Between 2 vectors, there is only 1 unique angle, thus there is no
modulus around the dot product.
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Equations of Lines & Planes
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Line | Vector Cartesian
r=a+Ab, 1eR X—a Yy-a, Z-8
b b, b,
Make A the subject for each
of the 3 equations, then
combine them to get the & b
Cartesian form. Use a=|a, | and b=| b, | to get vector form.
a, b,
Plane | Vector Cartesian Scalar Product
r=a+Ab+uc, L, ueR nX+n,y+nz=p rr-n=a-n=p
Use bxc=n to find anormal | Set specia conditions, e.g. | Expand the dot product
to the plane, then a-n=p to | x=y=0 to find 3 points | 0 &t the Cartesian
equation.

get the scalar product form.

A, P, Q on the plane.
The vector form is then
r =OA+ AAP+ uAQ.

Dot Product VS Cross Product

Dot Product (a-b)

Cross Product (axb)

Output Scalar Vector perpendicular to both a and
b
Formula a-b =|d|b|cos@, where 6 isthe Magnitude: |a||b|sing

anglebetween a and b.

Direction: Right-Hand Grip Rule

Calculation a) (b

a) by

2
a-a=|al

8 || B, [=ab+ab, +ab

a) (b)) (ab-ab,
& x| b |=| ab—ab
a) \b) (ab,-ahb

Lengths & Areas

Say the vectors a, b, ¢ form aright-angled triangle, as shown, and
A you know the vectors a and b. You can then find the lengths AC
and BC.
Let LZA=6.
b
Length AC Length BC
= Length of projection = Perpendicular distance
Y of AB onto b fromBtob
C = ABcosé = AB3n@
=‘a-6 =‘ax6
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.....................

Let the points A and B have position vectors a
and b respectively. Let C be the point such that
OACB isaparallelogram.

Areaof triangle OAB = %|a>< b|

Areaof parallelogram OACB =|axb)|

Foot of Perpendicular & Perpendicular Distance

P

v |

F A

I:r=a+ﬂt')

Say apoint P has position vector
p,andaline | hasequation

r =a+Ab, as shown. Say point A
lieson|.

From P to | :

Foot of perpendicular, F , with position vector f :
e Since F lieson |, f =a+ b for some A €R.

e Since PF and | are perpendicular, (f —p)-b=0.
e (a+ib—p)-b=0
e Solvefor 4 tofind f .

Perpendicular distance, PF =‘P_F":

Use any of these 3 methods.
1. Find f asabove

PF =|f —p|
2. Find AP and AF .

By Pythagoras’ Theorem, PF =+ AP? — AF? .
3. PF =‘K‘Px6

hsﬂ\x

F A

zir-n=p

Say apoint P has position vector p,
and aplane 7 hasequation r -n=p,
as shown. Say point A lieson r.

From P to x:

Foot of perpendicular, F , with position vector f :

e Since PF is perpendicular to 7, PF is paralel
to n. Also, since P lieson PF :
loe :r=p+4n, AeR.

e Since F lieson I, f =p+4n for some A eR.
e Since F lieson 7, f-n=p

e (p+4An)n=p

e Solvefor A tofind f .

Perpendicular distance, PF =‘¢‘:

. PF{Zﬁﬁ‘
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SL E denotes system of linear equations. Use PlySmit2 on the GC to solve SLEs.

e 2Vectors, a and b

Parallel: | The SLE given by a=Ab hasanon-zero real solution for 4.

Perpendicular: | a-b=0

e 2Linesin3dimensions, |,:r =a,+4b, and |, :r =a, + Ab,

Parallel: | b, and b, areparallel (see above).

Intersecting at apoint: | ¢ b, and b, are NOT parallel (see above), AND

e The SLE given by a, + b, =a, + ub, has a unique real
solutionfor 4 and .

Point of intersection, P: If thesolutionsare 4, and

O—P=a1+/10bl (or a, + ugh,).

Skew: | e« b, and b, are NOT parallel (see above), AND

e The SLE given by a, + Ab, =a, + ub, has no real solution
for A and u.

e 3Points, A, B, C

Collinear
(on the sameline):

AB, AC, BC aredl paraldl.
Y ou may pick any 2 and show that they are parallel (see above).

G

e Poaint, Q, with position vector q=| g,

G

Liesonalinel:r =a+Ab: | The SLE given by q=a+ b hasareal solution

for 4.

Liesonaplane z:r-n=p:| d-N=Pp

Liesonaplane 7:r =a+Ab+ uc: | The SLE given by g=a+Ab+ uc has a red

solutionfor 4 and x .

Liesonaplane z:nx+n,y+n,z=p: | ng +n,0g,+ N0, =p
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Line& Plane, | :r=a+Ab and 7:r-n=p

| lieson r:

b-n=0AND a-n=p

| isparalle to 7,
but does not lieon = :

b-n=0AND a-n=p

| intersects 7 at one point:

b-nz0

| isperpendicular to 7 if b and n are parallel (see above).

Point of intersection, P: Solve (a+b)-n=p for 4. If
the solution is 4, ,

OP=a+ b

n m

2Planes, 7;:r-n=pand 7, r-m=q,wheren=|n, | and m=| m,

n m,

Parallel:

n and m are paralel (see above).

Intersecting along aline:

n and m are NOT parallel (see above)

Line of intersection, | : Expand the dot products into
Cartesian equations to obtain the SLE:

{ nX+ny+nz=p
mX+my+mz=(

If PlySmlt2 on the GC solvesthe SLE to give:

X =28 +hX
X, =8, +h,%
X =X

where x,, X,, X, represent x, y, z respectively and a, ,
a,, b, b, are constants,

b
+A|b, |, AeR

N
o & o

76




M athematics Revision Notes 2009
RI(JC) Mathematics Society

e 3Planes

Use their Cartesian equations to obtain a SLE with 3 equationsin 3 variables: x, y, z.

Do not intersect | No real solutionfor x, y, Z.
at any common point or line:

Intersect at one common point: | Unique solution for x, y, z.

Point of intersection, P: If the solutiontothe SLE is
Xor Yor Zys

- X
OP=|Yy,
z,

Intersect along one common line: | X and y can be solved intermsof z.

Line of intersection, | : See above, where 2 planes
intersect along aline.

Example 1 [TJCO6/Prelim/1/14]

6

The lines |, and |, have equations %8:5;2)/: z+1 and r = | —4 | respectively, where
1

acR.

Find

(1) the acute angle between |, and the z -axis.
(i)  theposition vector of the foot of the perpendicular, N, from the originto |,.
(i)  thepoint of intersection of |, and I, .

Hence, find a vector equation of the reflection of line |, intheline |,.

Solution Comments
(1) Convert Cartesian eguations of lines to
vector equations, which are usually much
more useful.

et 1= XF8.5Y_,.q
2 2
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(i1)

X=-8+21
Then: 1 y=5-24
z=-1+1
-8 2
lLir=| 5 [+4]|-2|, AeR
-1 1
0
z-axissr=4|0|, feR
1

Let & be the acute angle between I, and
the z -axis.

0 =cos* =705° (1dp) W

r O Ol O O

-8+21
5-22
-1+ A4

ON = for some 1eR.

2 8421\ ( 2
ON-|-2|=| 5-24 || -2
1 1+1 )11

=0

-16-10-1+44+44+1=0

A=3
-8+2(3)) (-2
ON=| 5-2(3) |=|-1|®
~1+3 2
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Express X, Yy, Z intermsof 1.

z varies along the z-axis, while x and y

do not, and the z-axis passes through the
origin, explaining its vector equation.

For the acute angle between 2 lines, use:
0:005‘1(|b1'b2|)
b6

Since we are finding the acute angle, place
amodulus around the dot product.

(Since N lieson I,)

(Since ON is perpendicular to 1)

Expand the dot product, then solvefor A .

Substitute A into the original equation for
ON.
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(i) Let P be the point of intersection

between |, and |, .

—8+24 6ar
Then OP=| 5-21 |=|-4a |,
-1+ 4 o

forsome A, e R.

21 —-6a =8
—21+4a =-5
A-a=1
Fromthe GC, A=-0.5, a=-15.

6(-15)) [ -9
OP=|-4(-15) |=| 6
-15 -1.5

Hence, P is(-9,6,-15). &

I2

Let |, bethereflectionof I, in|,.

—4
OA=20N=| -2
4

-4) (-9 5

PA=|-2|-| 6 |=|-8

4 -15 5.5

M athematics Revision Notes 2009
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Write the system of linear equations such
that LHS has 4 and « in that order, and
RHS has a constant.

Then, solve using PlySmit2 on the GC.

The question asks for “the point”, so give
the coordinates of the required point
instead of its position vector.

Draw a diagram first to illustrate the
guestion, and label the points clearly.

In a “Hence” question, use information
from previous parts. With reference to the

diagram, part (ii) gives ON and part (iii)
gives OP .

To obtain the vector equation of |,, we
can find 2 points which lieon |,. 1 point is

P, and part (i) gives OP .

From the diagram, we can use ON from
part (ii) to find the position vector of A,
another point on |,, since ON = AN.

Now PA isadirection vector of I, .
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10 When writing the equation of a line

PA_1l 15 | :r =a+ b, choose the simplest vector
2l 14 for a (here, choose OA over OP ) and
leave b in the simplest integer form. This
-4 10 makes your working easier in any later
Lir=|-2|+u|-16|, ucR N parts.
4 11

Example 2 [NO8/I/11]

The equations of three planes p,, p,, p, are
2x—5y+3z=3
3X+2y-5z=-5
X+ Ay+17z=p

respectively, where 4 and x4 are constants. When 1=-209 and ¢ =16.6, find the
coordinates of the point at which these planes meet.

Theplanes p, and p, intersectinaline .

0] Find avector equation of | .

(i)  Giventhat al three planesmeet intheline I, find 4 and x.

(i)  Given instead that the three planes have no point in common, what can be said about
thevaluesof A and u?

(iv)  Find the Cartesian equation of the plane which contains | and the point (l -1, 3) .

Solution Comments
When 1=-20.9, £ =16.6, Substitute the given valuesfor 4 and u.
2x-5y+3z=3
e Use the Cartesian equations of the 3 planes
3X+2y=52=-5 to obtain a SLE with 3 equations in 3
5x—-20.9y+17z=16.6 variables; X, vy, z.
From the GC, Solve it using GC, then the unique solution
x=_2 y:_i, s for X, Y, Z gives the coordinates of the
11 11 11 point of intersection.

Coordinates of the point at which p,, p, Give the coordinates of the point, not its
and p, meet: position vector.

4 4T g
11 1111
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(i)

(i)

2x—5y+3z=3
{3X+ 2y—-5z2=-5
From the GC,

X=-1+a

y=-1+a,where a e R.
Z=«a

-1 1
lir=|-1|+a|l]|,ceR N
0 1

Since | lies on p,, every point which
lieson | asolieson p,.

-1 1 5

“1l|+a|l||| A |=u,fordl aeR.

0 1)| (17
—S5+50-A+Aa+0+17a=u
(/1+22)a—5—}t:,u

Since the above equation is true for al
a € R, comparing coefficients,
{/1 +22=0

S5-A=u

A=-22
U=A+5=-17
A=-22, u=-171

M athematics Revision Notes 2009
RI(JC) Mathematics Society

Use the Cartesian equations of the 2 planes
to obtain a SLE with 2 equations in 3
variables. X, vy, z.

Solve it using GC. If the GC gives the
solutions for x and y interms of z, the 2
planes intersect along aline.

Write z as a parameter, say «, to get the
vector equation of theline.

p, and p, already intersect in the line |,

with equation found in part (i). If al 3
planesintersectin |, | mustlieon p,.

The method shown here uses the fact that
for eachvalueof ¢ e R,

-1 1
s=|-1|+a|1
0 1

gives the position vector of apointon | .

Consider (A+22)a—-5-4=u to have «
as variable, with 4 and u constant. Since
every point on | lieson p,, every value of
a € R fulfilsthe equation.
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(iii) p,, p, and p, have no point in common
if and only if | is paraléel to p, and |
does not intersect p,.

| isparalel to p, if and only if:

1) (5
1| 42 1(=0
1) (17
5+1+17=0
A=-22

When | ispardlé to p,,
| intersects p, if and only if:

-1\ (5

1| A |=u
0)\17
H=—A-5

Hence, both 1=-22 and u#-1-5
must be true.
A=-22 and u=-17 1

M athematics Revision Notes 2009
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p, and p, aready intersectintheline .

Case 1: | is not paralél to p,, then | and
p, will intersect. This intersection point
will be a point in common to p,, p, and

Ps-

Case 2: | lies on p,, then any point on |
will be a point in common to p,, p, and

Ps-

Case 3: | is pardlel to p, and | does not
intersect p,, then since p, and p, only
intersect in |, p,, p, and p, have no point
in common.

| is parallel to p, if and only if the

direction vector of | is perpendicular to the
normal to p,, i.e. their dot product is 0.

When | ispardlel to p,, either every point
on | or no point on | lieson p,. Hence, it
is enough to check if a point on | lies on
Ps-

This corresponds to the situation when | is
paralel to p, and | does not intersect p,.
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(iv) Let 7 betherequired plane.

-1 1) (-2
-1|-|-1|=| O
0 3 -3
1) (-2 -3
1|ix] O|=] 1
1) (-3 2
-3 1) (-3
p,:r-| 1li=-1{| 1|=2
3 2
-3
1(=2
z 2

Cartesian equation of 7 :
-3X+y+2z=21

M athematics Revision Notes 2009
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To get the scalar product equation of the
plane 7 intheform r-n=p,

1. Find the norma n by taking the cross
product of 2 vectors which lie on the
plane.

Since | lies on 7, the direction vector
of | aso lieson 7. Use a point which

lies on | and the given point (1,-1,3)
to find another vector which lieson .

2. Once n is known, find the constant p
using
r-n=a-n=p
where a is the position vector of any
pointon 7.

Expand the dot product to get the Cartesian
equation of 7, asrequired.
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ImA A complex number in Cartesian form:
z=a+hi
bk Z(a,b) consists of areal part a and an imaginary
1=~~~ ""7° B _/9:( part bi, where a,beRR and i =v-1.
// |
|Z/‘/’ : Any complex number z=a+bi can be
- I represented geometrically as a point Z on the
. ﬂarg(z) :/ ‘ complex plane.
0 a Re  On an Argand diagram, the horizontal axisis
the real axis, and the vertical axis is the
imaginary axis.

Let z=a+hi, a,beR beacomplex number in Cartesian form.
On an Argand diagram, let Z and Z" bethe points representing z and z respectively.
e Real part, Re(z) and imaginary part, Im(z)
Re(7)=a
o) (z)=b (not bi)
o Re(z)
o Im(z) isthe y-coordinate of Z

o
Im

isthe x -coordinate of Z

e Modulus, |7

I

o Distanceof z from theorigin (length of OZ)

e Argument, arg(z Al
( )_ _ N ag(z)=7—-A m ag(z)=A
0 Angle that OZ makes with the positive %
real axis, in an anticlockwise sense S~ R
o -z<ag(z)<z No e
N 7
o arg(0) isundefined A(‘\x,ﬂA -
AL 7o ~JA Re
(6] ,/ \\
7’ ~
7 N
o Draw the Argand diagram: arg(z) -7 \\X
depends on both A and the quadrant ag(z)=-z+A arg(z):—A

which thepoint Z isin.
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e Conjugate, Z =a—hi
0 Re(Z)=Re(z)

o Im(Z)=Im(z)

0 ‘z*‘=|z|
o ag(z)=-ag(z)
0o zZ :|z|2
0 z+Z =2Re(z)
o z-Z =2iIm(z)
0 The conjugate distributes over addition, subtraction, multiplication, and division:
s .z z e o
= (zw) =Zw, (v_vj = (z+w) =72 +w, (z-w) =Z —-w

o To simplify afraction with a complex number in its denominator, multiply both
numerator and denominator by the complex conjugate of the denominator.

0 Z isZ reflected about the X -axis.

For ms of Complex Numbers

e Cartesian form
o z=a+h
0 Useful for addition and subtraction of complex numbers

e Polar form (also Trigonometric form or Modulus-Argument form)
o z=r(cosf+ising)
o Convert from polar to Cartesian or exponential forms, which are more useful.

e Exponential form

o z=re’

o0 Useful for multiplication, division and exponentiation of complex numbers
o If z=ré’ =r(cosf+isng),i.e. z isinPolar or Exponential form,

o |Z=r

o ag(z)=6

o Z=re"=r(cosfd-ising)

e Conversion between forms
o Cartesian to Polar or Exponential: r =|Z, 6 =arg(z)

o Polar or Exponential to Cartesian: a=r cosé¢, b=rané
0 Between Polar and Exponential: Usethesame r and ¢
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Operations on Complex Numbers

Let z =a +hi=re* and z,=a,+hj =r,e%.
On an Argand diagram, let Z, and Z, be the points representing z, and z, respectively.

e Addition & Subtraction

Iklm

X

0 z+z=(a+a,)+(b+b)i
0 z-2=(a-8)+(-b)i
o0 Complex numbers can be represented as vectors on an Argand diagram. Hence,

addition and subtraction of complex numbers can be represented as addition and
subtraction of vectors.

o 0OZ,+0Z, =O0A, the position vector of the point representing z, + z, .
o 0Z,-0Z, =0B, the position vector of the point representing z, — z,.

e Multiplication & Division
o |2z|=[z]|z|=rnr,
ﬁ‘:m:r
z| |z
o ag(zz)=ag(z)+ag(z)=6,+6,
0 arg(%}arg(zl)—arg(zz)%’l—@z

o Starting from OZ,,
= An anticlockwise pivot by 6, radians about the origin and scaling by a
factor of r, givesthe position vector of the point representing zz, .
= A clockwise pivot by 6, radians about the origin and scaling by afactor of

iy

(0]

=

2

r, givesthe position vector of the point representing 4 .

»= An anticlockwise pivot by & radians about the origin gives the position
vector of the point representing zle“g. In particular, when 0:%, the

position vector of the point representing iz, is given.
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Complex Roots of Polynomial Equations

Non-real complex roots of a polynomial equation with real coefficients occur in conjugate

pairs. If  isaroot of apolynomial equation with real coefficients, then o is also aroot of
the equation.

Example: Since Zz°+5z°+17z+13=0 is a polynomia equation with real
coefficientsand z=a=-2+3 isaroot, z=a =-2-3 isaso aroot. Equivaently,

since z—2—3 isafactor of the polynomia, z—2+3 isalso afactor.

De Moivre’s Theorem

If z=r&’ =r(cos@+ising),

z" ="M =" [cos(n@)+isin(ng)]

L oci of Complex Numbers

A locus (plural loci) isaset of pointswhich fulfill agiven condition.

On an Argand diagram, let Z, A, B bethe pointsrepresenting z, a, b respectively.
Z isavariable point which can move, while A and B arefixed points.

e |z-a| isthedistance between Z and A.

e ag(z-a) isthe angle made by the vector AZ with the positive real axis.

Im4 lz—da=r |z—a|=r

What it means:
e XA The distance between Z and A isaconstant, r

-

> Locusof Z:
0 \—/ Re

A circlewith centre A and radius r

|z—a<r

The distance between Z and A islessthan r .

| mA

Locusof Z:
The areainside the circle with centre A and radius r .

|z—a>r

The distance between Z and A ismorethan r .

Locusof Z:
The area outside the circle with centre A and radius r .
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o alfe-b
A
X 9
B
7‘/\><
0 / Re
Im |z—al<|z—b
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emd=jet]

What it means:
Z isanequal distance from each of A and B

Locusof Z:
The per pendicular bisector of
thelinejoining A and B

2-d<le-b

Z iscloserto A thanitisto B.

2-d>[z-1

Z iscloserto B thanitisto A.

Locusof Z in each case:
|z—a|=|z—b]| separatesthe planeinto 2 areas:

e |z—a<|z-b] istheareacontaining A.

e |z-a>|z-1 istheareacontaining B.

What it means:

The angle made by AZ with the positive real axis is a
constant, ¢

Locusof Z:
The half-line starting at (but not including) A and
making an angle ¢ with the positive rea axis

6, <arg(z—a)<6,

The angle made by AZ with the positive real axis is
between 6, and 6, .

Locusof Z:
The area bounded from the locus arg(z—a)=6, ,

anticlockwise to the locus arg(z—a) =6, .
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FAQ

Q" Find theroots of the equation (z-a)" =w,

A:

A:

where z and w are complex numbers, & isaconstant, and n isa positive integer.

1. Convert w to exponential form. Say w=ré’.
(z-a)" =r€’
2. Introduce 2krz to 6.

0+2Kx)i

(z-a)" =ré where keZ .

3. Raiseboth sidesto the power of 1 .
n

1 1
n

[e(mzm)i :|ﬁ

1 (6+2k7r)i
Z—a=r"e "

Z—a=T1

4. By De Moivre’s Theorem,

5. Solvefor z.

1 0+2k7ri
z:a+r5e( "
6. Writethe possiblevaluesof k. Ingeneral, k=0,12,...,n-1.

However, if the roots must be given in the form re’ with —z <0< 7, substitute
values of k to check if @ isin the required range. There will be n consecutive
integer values of k .

Reject those values of k which make any expression undefined (denominator 0).
Solvefor z and w in 2 simultaneous linear equations.
Example [PICO7/Prelim/I/1]

Solve the simultaneous equations
iw+z=-1-1 ----- (A)
. 40
22— (1+i)w=—°r ----- B
(1+1) 6-2i (B)
giving each answer in the form a+bi, where a and b arereal.

Method 1

1. Multiply (A) by 2 such that the coefficient of z in (A) and (B) are both 2.
2. Use(A)-(B) to eliminate the 2z term from both equations.

3. Solvefor w, then solvefor z.

Method 2

1. Using (A), express z intermsof w: z=-1-i—iw.
2. Substitute z in (B) with the expression in terms of w.
3. Solvefor w, then solvefor z.
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Find the complex (real and non-real) roots of a polynomial equation.

If the polynomial equation in z has degree n (the highest power of z isn), and

the coefficient of z" is k, the equation can be expressed as a product of k and n
linear factors of theform z—«.

If a isaroot of the equation, z—a isafactor of the polynomial.

If the polynomial equation hasreal coefficients,
Giventhat « isanon-real complex root of the equation, o isalso aroot.

Using any given roots or factors, long division or comparing coefficients, express
the polynomial as a product of its factors.

Use the general quadratic for mula to factorize any quadratic factors.

When the equation isin thisform with n linear factors of theform z—« :
k(z-y)(z-a,)...(z-,)=0
then «,,,,...,a, arethe n (possibly repeated) roots of the equation.

Sketch loci on an Argand diagram.

Draw al circles, lengths and angles accurately and to scale using a compass, ruler
and protractor. Ensure the real and imaginary axes are to the same scale.

For loci of the form arg(z—a)zé?, draw a small circle at the point representing a

to show that it is excluded, since arg(a—a)=arg(0) is undefined.

For strict inequalities, draw the loci of the equality cases as dashed to show that
they are excluded, e.g. for |z—a| <r , draw thelocus |z—a| =r asadashed circle.

Label al loci with their equations, and label required regions/sets of points.

Find the minimum/maximum value of |z—a|, arg(z-a) or |z-w,

OR Find the points of intersection of theloci of pointsrepresenting z and w,
where z and w arevariablewhile a isfixed.

Interpret what expressions mean geometrically on the Argand diagram, rather than
interpret them algebraically. e.g. minimum value of |z—vv| is the minimum distance

between any point on the locus of points representing z and any point on the locus
of points representing w.

As alast resort for finding points of intersection, find the Cartesian equations of the
lines or circles and solve the equations simultaneously.

Find lengths using the formula for the distance between 2 points.
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e Findright-angled trianglesto use trigonometric ratios.

e If the locus of z is a circle, |[z—b|=r and the fixed complex number a is
represented by the point A outside thecircle,

o Usetangentsto thecircleto find the min./max. values of arg(z-a).

o Draw aline from point A through the centre of the circle. The line and
circle will have 2 points of intersection. Use the distance from A to these 2

points to find the min./max. values of |z—a.

Example 1 [SRICO8/Prelim/11/3]

4

. 1+e€
) Show that 7

can be reduced to i cot(

N

(i)  Find al the roots of the equation > =—=(1-i), giving each root in the form re"

%\H

wherer>0and -z <0< r.

8
(i) Hence deduceall the roots of (W—‘lj :%(14).

w+1
Solution Comments
M) 1+ d? B e[‘%)i +e[§ji “Factoring out g ” IS @ common theme in
1-¢€° e(—gji —e@i Complex Numbers proving questions.
2Reld 7/ i i 3)
€€ Here, it takes the form of factoring out e'?
= ﬁ from both the numerator and denominator.
. S
2 In{e ] The am is to create expressions of the form
9 z+Z or z—Z , which can be written as Re(z)
ZCOS(_ZJ or 2i1m(z) respectively.
ZiQn(—HJ
2
cos(ej cos(—6) = cos®
__\2) sin(-0)=-sing
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(i1)

(iii)

(Zkﬂ—%ji
=€ ,where ke Z.

By De Moivre’s Theorem,

where k=-3-2- 1 01, 248

w-1Y 1 .
() =509
Leta:[&lj

2
A

T.

w

w+1

2W+z2=w-1

1+ z:w(l—z)
1+z 1+¢€°
w=—"="""_
1-z 1-¢€°

v 5]

where k=-3-2- 1,01, 248
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1. Convert i(1—i) to exponential form.

V2

2. Introduce 2k to —%.

3. Raiseboth sides to the power of % , and

4. Use De Moivre’s Theorem.

5. Write out the possible values of k. Since
the question requires —z < 0 <, there will
be exactly 8 consecutive integer values of k
which will give 8 in the required range.

Substitute values of k to check which
values are valid.

Since w-l corresponds with z in part (ii),
w+1

equate the two. To deduce the roots of the
equationin w, express w intermsof z.

k takes the same values asin part (ii), since the
values of k are for the roots of the equation in
z from part (ii).

92



Example 2 [AJCO8/Prelim/1/6]
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If z=i isaroot of the equation z°+(1-3i) 2" —(2+3i) z—2=0, determine the other roots.
Hence find the roots of the equation W’ +(1+3i)w* +(3 —2)w—2=0.

Solution

Let Z2+(1-3)Z"—(2+3)z-2
=(z-i)(Z* +az+b),

for some complex numbers a and b .
Z+(1-3)Z-(2+3)z-2

=7 +az’ +bz-iz* —aiz-hi

=7 +(a-i)z*+(b—ai)z-bi
Comparing coefficients,
1-3=a-i=za=1-2

2- bimb=2-_

i
Z+az+b=2"+(1-2i)z-2

When z*+(1-2i)z-2i =0,
__—a-2) +/(1-2i) - 4(2) (-2i)

2(D
_ 2 -1+£-3+4i
2
=2ior -1

Hence, the other rootsare 2i and -1. &

Taking conjugates on both sides,
[2+(1-3)22~(2+3)z-2] =0

Comments
Let P(2)=2"+(1-3)2*-(2+3)z-2.

Not al of the coefficients of P(z) are redl.

Hence, though i is a root, (|) =—i may not be
aroot.

After P(z) (degree 3) is divided by z-i
(degree 2), it should leave a quadratic factor
(degree 2). Expand (z-i)(Z’+az+b) and
compare the coefficients.

Do NOT write P(Zz) in terms of linear factors
first: (z-i)(z—a)(z-b) , since it will be
difficult to compare coefficients.

Alter native method

Use long division to find the remainder when
P(z) isdivided by z-i.

Use the genera quadratic formula to factorize
the quadratic factor.

Use the GC to perform calculations with
complex numbers, including square roots, to
avoid careless mistakes.

Let Q(w) =W +(1+3 )W +(3 -2)w-2.

Observe that the coefficients of w in Q(W) are
the conjugates of the coefficientsof z in P(z).

Hence, convert the coefficients of z in P(z) to
their conjugates.
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(#) +(1-3) (£) ~(2+3) Z ~2=0
() +(1+3)(2) +(3-2)Z —2=0
Hence, the roots of

W +(1+3)W +(3-2)w-2=0

are the conjugates of the roots of
Z+(1-3)Z -(2+3)z-2=0,
iei,-2,and-1. H

Example 3 [AJCO7/Prelim/11/3]
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Simplify the LHS using (z+w) =Z +w', and

(zw) = Zw , which extends to:

(7) =(zz22) =7 77 =(Z)

Since the equation in Z is now similar to the
equation in w, each root of Q(w) corresponds

to the conjugate of aroot of P( z) .

In an Argand diagram, the point A represents the fixed complex number a , where

O<arg(a) <%. The complex numbers z and w are such that

|z—2id|=|a| and |W =|w+ia]

Sketch, in asingle diagram, the loci of the points representing z and w.

Find:

(i)  theminimum valueof |z—w| intermsof |a|,

(i)  therange of values of ag(}j interms of arg(a).
z

Solution

Comments

Let B bethe point representing 2ia.
Let C bethe point representing —ia.

If O<arg(a)<%, A is in the first

quadrant of the complex plane. Plot any
such point A.

The locus of points representing z is a
circlecentred at B with radius |a.

The locus of points representing w isthe
perpendicular bisector of the line
segment joining the originand C.
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(i)

Minimum value of |z—w|

:OD+10C
2

~[af+2fa

SRy
2

Ima

A
/X
d\\\\ /Td
_______ s
0 Re

Let M and N be the points a which the
tangent to the locus of z passes through the
origin, as shown.

Let M and N represent the complex
numbers m and n respectively.

Then arg(m) <arg(z)<arg(n).
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From OA, an anticlockwise pivot about

the origin by 7—2T radians and a stretching

by factor 2 gives OB.

From OA, a clockwise pivot about the

origin by 7_2r radians gives OC .

Geometrically, the minimum value of
|z— vv| is the minimum distance between

a point on the locus of points
representing Z and a point on the locus
of points representing W .

Since the locus of points representing w
Is a bisector of OC, it divides OC into
2 segments of equal length, %|a|.

Express the condition in terms of a
known variable, arg(z).

Do not redraw the diagram, a relevant
part of it is copied here for easier
reference.

Using tangents to the circle is a
common technique to find the min./max.

value of arg(z—a) when the locus of
points representing z isacircle.

If Z isthe point representing z, arg(z)

is the angle made by the vector OZ
with the positive real axis.
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/BOM = /BON =sin1£ﬂj=£
2lal) 6

arg(m):arg(a)+%—4BOM

V4

=arg(a)+ > 6

T
—arg(a)+§

arg(n)= arg(a)+%+ABON

T T
arg(a)+5+E
2
_arg(a)+?
arg(a)+% <ag(z)< arg(a)+%
2r
—arg(a)—% >—arg(z)> —arg(a)—?

1
z

—arg(a)—z?ﬂSarg[ js—arg(a)—% |

Example 4 [NJCO8/Prelim/1/6]

(i)

(i)
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Use arg(a) since the question requires
the fina answer to be in terms of
arg(a).

The line OB passes through the centre
of the circle. Hence, use the angle OB
makes with the positive real axis as a
reference, and add/subtract from it.

OA makes an angle of arg(a) with the
positive real axis, and ABOAzg .

Hence, OB makes an angle of

arg(a)+% with the positive real axis.

Convert the range of values of arg(z)

to the range of values of arg (lj .
z

Multiply each term in the inequality by
-1, and flip the inequality signs.

The set of points P in an Argand diagram represents the complex number z that
satisfies |z—2—i|=2. Sketch thelocus of P .

The set of points Q

represents another complex number w given by

arg(w— 2+3 ) =6 where -7 <0< . Give a geometrical description of the locus of

Q.

€) Find the range of values of ¢ such that the locus of Q meets the locus of P

more than once.

(b) In the case where @ =tan™ 3 , find the least value of |z—w] in exact form.
4
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(i)

(i)

(i@

Solution

The locus of Q is a half-line starting at
(but not including) (2—3 and making
an angle @ with the positive real axis.

Im4

A

lz—2-il=2
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Comments

|z-(2+i)=2
The locus of P isacircle centred at (2,1)
with radius 2 .
Show on the diagram that the circle is
tangent to the imaginary axis. Examiners

will look out for the relative position of
lines and circles to the axes.

arg[w—(2-3i)]=0
Remember to write “(but not including)”.

Using tangents to the circle is the same
technique as in Example 3, part (ii).

The line passing through the centre of the
circle makes an angle of g with the

positive real axis. Hence, use this angle as
areference, and add/subtract fromit.
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(i)(b)

Im4

AB = 4
/ABC =2 _tan? (Ej
2 4
sin2ABC = A€
AB

AC = ABsin ZABC

caa 5o (3]

Ac:4(ﬂ):E
5 5
Least value of |z—vv|: DC
=AC-2
5
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Thelocusof Q (which represents w)
should have gradient

tan tm‘{% _3
4 4
Geometrically, the least vaue of

|z-w| is the minimum distance

between a point on the locus of P
and apoint on the locus of Q.

From the diagram, this minimum
distance is DC , where /DCB and
/ACB areright angles.

The only useful right-angled triangle
is ABC. Since DC=AC-2, am to
find AC first.

Knowing AB and ZABC , AC can

be found using trigonometric ratios
on the right-angled triangle ABC.

Let = tanl(gj.
4

To cdculate sin(%—@j in exact
form, draw a right-angled triangle
involving € . Since tanazg, the

side opposite ¢ and the side adjacent
to ¢ havelengthsintheratio 3:4.
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Permutations & Combinations

Basic Counting Principles

Addition Principle: If there are a ways to do something and b ways to do another thing,
and the two things cannot be done simultaneously, then there are a+b total ways to do
exactly one of the things.

Multiplication Principle: If there are a ways to do something and b ways to do another
thing, then there are axb waysto do both things in succession.

Choosing & Per muting

Is the order of objects important?

e Look for keywords in the question, e.g.
0 Important: arrange, order, in arow, around atable
0 Not Important: choose, select, form groups/committees/teams

Yes lNo

No. of ways to choose r
objects from n distinct
objects:

Can each object be repeated any number of times?

lYes No

No. of arrangements of r objects (possibly
repeated) from n distinct objects:

nr

n!
nC __
"ori(n-r)!

e.g. Choose 2 monitors
from a class of 24
students; n=24,r=2

e.g. Form a string of 4 letters using the English
aphabet: n=26, r =4, No. of ways = 26*

No. of ways = *C,

No. of arrangements of r objects (all
distinct) from n distinct objects:

No. of arrangements of n objects, where:
n, areof type 1,

n, are of type 2, ...
n, areof type k:

n!

(n—r)!

e.g. Choose 1 monitor, 1 treasurer, 1
secretary (all distinct) from a class of
24 students: n=24, r =3,

No. of ways = *P,

nR:

n'n!..n!
e.g. Arrange 2 red balls, 3 green bals, 5
blue ballsinarow. Since 2+ 3+5=10,
10!

(21)(31) (5"

No. of ways =

1
1
1
1
1
1
1
1
1
1
1
n! .
1
1
1
1
1
1
1
1
1
1
1
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Useful Techniques

Circular permutations: No. of permutations of n distinct objectsinacircle = (n — 1)!,
assuming the positions around the circle are identical .

Grouping adjacent objects: If some objects must be adjacent, group them and treat them
as a single object. When arranging all the objects/groups, remember to also arrange the
grouped objects within each group.

Slots: e.g. If 3 women and 5 men are to be seated in a row such that no 2 women are
adjacent, arrange the 5 men first. There are 6 ‘slots’ (denoted | ) between and beside the 5
men (denoted M):

IM[M[M[M[|M|

Then, arrange the 3 women in 3 distinct ‘slots’. Hence, the number of ways is 5! x °P,.

Complement method: Use it when direct computation is tedious, especialy if key
phrases like “at least one’ appear in the question.

If A is a condition, the number of objects with A equals the total number of objects,
minus the number of objects without A:

n(A)=n(tota )—n(A

Case-by-case method: Use it if all else fails. Check that each possibility is counted in
one and exactly one case, such that no possibilities are double-counted or missed out.

Example 1 [RICO8/Tutoria 12/Section D/11]

Find the number of permutations of al eight letters of the word BELIEVED in which

(i)
(i)
(iii)

(i)

(i)
(iii)

thereis no restriction;
the three letter ‘E’s are next to each other;

the three letter “E’s are always separated.
Solution Comments
8! The letters in BELIEVED are 3 “‘E’s and 1 each of ‘B’, ‘L’,

|
§=6720 | nl

‘I’, *V’°, ‘D’. Since only ‘E’ is repeated, use

n'n!..n!
withn=8 and n, =3 (n,,...,n; =1).
6!'=720 1 Group the 3 “E’s as 1 object. Arrange the 6 resulting objects.
5!x °C, = 2400 N Arrange B, L, I, V, D first, for 5! permutations. There are 6

‘slots’ between and beside these 5 letters: |[B|L |1 |V |D|.
Place the 3 ‘E’s in 3 of these 6 dlots. Since the order of the
‘E’s does not matter, use °C, instead of °P,.
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Example 2 [RICO8/Tutorial 12/Section D/12]

3 boys, 2 girls, and adog sit at around table. How many ways can they be arranged if

(1) thereis no restriction?
(i)  thedogisto be seated between the 2 girls?
(iii)  thedogisto be seated between any 2 boys?

Solution Comments
() (6-1)=120m Use (n-1)! directly with n=6.
i) (4-1)'x2=121 Group the 2 girls and the dog as 1 object. Arrange the 4

resulting objects, then multiply by 2 as the objects within the
group can be arranged in 2 ways.

Denoting the girlsby G, and G, and the dog by D, the group
can be G DG, or G,DG, in clockwise order.

(iii) (4—1)!><3!:36 ] Group some 2 boys and the dog as 1 object. Arrange the 4
resulting objects to get (4—1)!. Since the 3 boys are distinct,
multiply by 3! to arrange them.

Example 3 [HCICOV/1/7]

Thirteen cards each bear a single letter from the first thirteen letters A, B, ..., L, M of the
aphabet. Seven cards are selected at random from the thirteen cards, and the order of
selection is not relevant. How many selections can be made if the seven cards

() contain at least two but not more than four of the letters A, B, C, D and E?
(i) contain four but not five consecutive letters, e.g. A, B, C, D, G, H, I?

Solution Comments

(i) °C,x®C,+°C,x°C,+°C,x °C, Useacaseby-casemethod.

=1580 W )
The 7 cards chosen contain:

Case (1): exactly 2 of theletters A, B, C, D, E.
Case (2): exactly 3 of those letters.
Case (3): exactly 4 of those |etters.

e.g. for Case (1) when there are 2 of those 5 letters,
choose those 2 first to get °C,. We are left with 5

letters to choose and 8 letters to choose from, to get
8
C,.
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(i1)

*C,x2+ 'C,x8=392 1
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Since there are only 7 cards, they can contain at
most 1 string of 4 consecutive letters. Use a case-by-
case method.

The 7 cards chosen have no 5 consecutive letters,
and:

Case (1):

ContanA,B,C,DorJ K, L, M (2 sub-cases)

Case (2):

Contain any other 4 consecutive letters (8 sub-cases)

For Case (1), after the 4 consecutive letters are
fixed, 1 other letter cannot be chosen, since it would
form 5 consecutive letters, i.e.:

If A, B, C, D arefixed, E cannot be chosen.
If J, K, L, M arefixed, | cannot be chosen.

We are left with 3 letters to choose and 8 letters to
choose from, to get °C, for each sub-case.

Case (2) is similar, except after the 4 consecutive
letters are fixed, 2 (not 1) other letters cannot be
chosen, e.qg.:

If B, C, D, E arefixed, A and F cannot be chosen.

Hence, we get 'C, for each sub-case.
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Probability

Definitions

Let Aand B berandom events.

P(An B) isthe probability that both Aand B occur.
P( AU B) isthe probability that only A occurs, only B occurs, or both Aand B occur.

Conditional probability: P(A|B) is the conditiona probability of A given B .
Equivalently, P(A|B) isthe probability of A occurring, giventhat B has occurred.
P(ANB

g,where P(B)=0.

P(B)

Mutually exclusive: Aand B are mutually exclusiveif Aand B cannot both occur.
o P(AnB)=0
o P(AUB)=P(A)+P(B)

o P(A|B)=

Independent: A and B are independent if the occurrence or non-occurrence of one
event has no influence on the occurrence or non-occurrence of the other.

o P(A|B)=P(A)
o P(B|A)=P(B)
o P(AnB)=P(A)xP(B)

Useful Techniques

Use set diagrams to illustrate the problem.
Complement method: Use it when direct computation is tedious, especidly if key
phrases like “at least one’ appear in the question.

P(A)=1-P(A")

Case-by-case method: Use it if al else fails. Check that each possibility is counted in
one and exactly one case, such that no possibilities are double-counted or missed out.

For any 2 random events A and B,
P(AUB)=P(A)+P(B)-P(ANB)

In particular, if A and B are mutually exclusive, then since P(AnB) =0,
P(Au B): P(A)+ P(B)
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e Tofind the probability of A occurring given that B has occurred,
P(ANB)

P(B)
o Consider the reduced sample space given that B has occurred, then calculate
n(ANB)

n(B)

e Use concepts from Per mutations & Combinations (P& C) to count cases.

o Caculate P(A|B)= , or

P(A|B)= , Where n(X) isthe number of outcomesfor X to occur.

e Use concepts from other topics for alternative approaches to questions.
o0 P& C, when objects are chosen without replacement.
o0 TheBinomial distribution, when objects are chosen with replacement.

Probability Tree (Tree Diagram)

Use a probability tree when the fixed probabilities or conditional probabilities of 2 or 3
events are given.

Example: P(A)=a, P(B|A)=4,,and P(B|A')=4,.

Probability tree:

ﬂl B
A
(04
1-8 B'
B B
1-a A
1- ﬂz B'

e « is the probability of A, while g, is the conditional probability of B given A. In

general, the probabilities on the first level of the diagram are for only 1 event, while those
on the second level are conditional probabilities.

e To find P(AnB), P(A'nB), P(AnB"), P(A'nB"), multiply the 2 relevant
probabilities.
eg. P(A'nB)=P(A)xP(B|A)=(1-a)A,

e Tofind P(B) or P(B'), add the probabilities of the branches which leadto B or B'.
eg. P(B)=P(A)xP(B|A)+P(A)xP(B|A)=ap, +(1-a)p,
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A bag contains 4 red counters and 6 green counters. 4 counters are drawn at random from the
bag, without replacement. Calculate the probability that:

() all the counters drawn are green,

(i) at least 1 counter of each colour isdrawn,
(iii)  at least 2 green counters are drawn,
(iv)

drawn.

at least 2 green counters are drawn, given that at least 1 counter of each colour is

State with a reason whether or not the events “at least 2 green counters are drawn’ and ‘at
least 1 counter of each colour is drawn’ are independent.

Probability approach

0 6
10

1
14

5 4 3
X—X—X—
9 8 7

Let G be the number of green counters out
of the 4 counters drawn. Then, this is
P(G=4).

There is no need to multiply by anything
else to account for order, since al 4 counters
are the same type (green).

1_(i+i 97

(ii) 321
X—X—X— [=——
14 10 9 8 7) 105

Using the complement method:
P(G=1223)
=1-P(G=0)-P(G=4)
=1-P(G=0)-(i)

@) 1 97

1,97 6,
14105 10

4,324 31
9°8 7 3 42
P(G=234)
=P(G=4)+P(G=123)-P(G=1)
=(i)+(ii)-P(G=1)

|
Multiply by % when finding P(G=1), to

account for order when there are different
types of items (green and red).

P& C approach
6
1f§:j;.
C, 14

Assume the counters are distinct, so that
each of the °C, combinations of 4
counters have an equal probability of
being chosen. Out of these, °C,
combinations are all green.

1 ‘c,) 97
1I-| =42 ==
14" °c, ) 105

Similar to the Probability approach.

1 97
_ + —
14 105

°C,x'C, 37
in =5

2

Again, assume the counters are distinct.
There are °C, combinations of 1 green

counter, and “C, of 3 red counters,
giving °C, x “C, total combinations of 1
green and 3 red.
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Solution

42 14

(iv) (37 1) 97 85
105 97

Let A be the event that at least
2 green counters are drawn. Let
B be the event that at least 1
counter of each colour is drawn.
Since P(A|B) _&

97

and P(A):%,

P(AB)=P(B), thus A and B
are not independent. W
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Comments

In probability questions with many parts, look out
for ways to use your answers to earlier parts, even
though the question may not require it explicitly.

We want to find the conditional probability of
G=234 gven thaa G=1,23 . Since the
intersection of these 2 events is G=2,3, using the
formulafor conditional probability:

P(G=23) P(G=234)-P(G=4) (iii)-(i)
P(G=1273) P(G=123) D)

Since P(B), P(A), and P(A|B) are known from
parts (ii), (iii), and (iv) respectively, choose the
condition P(A)=P(A|B) to check if A and B are
independent.
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Example 2 [J88/11/6]

4 girls, Amanda, Beryl, Claire, and Dorothy, and 3 boys, Edward, Frank, and George, stand
in aqueue in random order. Find the probability that:

(i)
(i1)

thefirst 2 in the queue are Amanda and Beryl, in that order,
either Frank isfirst or Edward is last (or both),

no 2 girls stand next to each other,
all 4 girls stand next to each other,

(i)
(iv)
v)

Probability approach

Amandaisin position 1 with probability
1 , then once there are 6 positions
remaining, Beryl is in position 2 with

probability % .

i) 1.1 11 11 4

7 7 7 6 42

Let F be the event that Frank is first,
and E be the event that Edward is last.
Use

P(FUE)=P(F)+P(E)-P(FNE).

(iii)

The 7 people must be in the order
‘gbgbgbg’, where ‘g’ denotes a girl and
‘b’ a boy.

Position the girls first, then the positions
of the boys are fixed and the condition is
satisfied.

(iv)
This is similar to part (iii), except there

are 4 possible positions of ‘gggg’ within
or beside ‘bbb’.

all 4 girls stand next to each other, given that at least 2 girls stand next to each other.

P& C approach

5_1
7! 42

There are 7! permutations of the 7 people,
each with equa probability. 5! of these
permutations have Amanda in position 1
and Beryl in position 2.

6!+6!-5!
7! 42

Similar to the probability approach.

| |
413! :i -
7! 35

Since we are counting permutations with
this approach, we must permute both boys
and girls in the ‘gbgbgbg’ order, then
divideit by the total of 7! permutations.

| |
4.><3.><4:i -
7! 35

Similar to the probability approach.
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Solution Comments
(V) 4 Again, in probability questions with many parts, look out for
3B 2 n ways to use your answers to earlier parts, even though the
1 1 17 guestion may not require it explicitly.
35

Let A bethe event that all 4 girls stand next to each other. Let B
be the event that at least 2 girls stand next to each other. Then
ANnB=A,since B isasubset of A.

P(B) is given by the answer to (iii), since ‘at least 2 girls stand
next to each other’ and ‘no 2 girls stand next to each other’ are
complementary events. Using the formula for conditional
probability:

p(AlB)-PANB)_P(A)__PW ___ W)
P(B)  P(B) 1-P(B) 1-(i})

Example 3 [NOL1/11/114]

Events A and B are such that P(A)=%, P(B|A)=%,and P(A'mB')=%.
Find
() P(AUB),
(i) P(B).
Solution Comments
(1) 3 . n_ D On aVenn diagram, Au B isthe areawithin one
P(AUB)=1-P(A'nB )—g B orbothof A and B, and A'B" isthe area not
within either A or B.
Hence, P(AUB)=1-P(A'nB’).
(i) P(B) Rewrite the given equations in terms of P(A),
—P(AUB)-P(A)+P(An B) P(B), and P(AnB) for easier manipulation.
= P(Au B)—P(A)+ P(A)P(B|A) Use
:§_g+(gj(gj P(AUB)=P(A)+P(B)-P(ANB)
6 3 (3)\3 then
11 P(AnB
" P(B| ):%
(A)
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Distributions

Expectation

Since the expectation is a summation, you can apply summation rulesto it.

Let a and b be constants, and X and Y berandom variables.

Variance

The variance is always positive. When combined, 2 variances are always added together.

Var(a)=0, sinceaconstant has no variation.
Var(aX)=a’Var(X)

Var(aX £b)=a*Var(X)

If X and Y areindependent,

Var(aX tbY)=a*Var(X)+b*Var(Y)

Standard deviation = o = ,/Var(X)

Var(2X)=4Var(X),but Var(X,+ X,)=2Var(X). (Example 2)

Properties of Distributions

Binomia: X ~B(n, p)

0 Mean, E(X)=np
o Vaiance, Var(X)=np(1-p)
0 Assumptions:
* n independent trials
Constant probability of success

| ]
= Each outcomeis either success or failure
= Occur randomly
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e Poisson: X ~Po(4)
o P(X :x):e“% (InMF15) for x=0,12,...

0 Mean, E(X)=41
Variance, Var(X):/l

Assumptions:
= Occur independently
= Uniform rate of occurrence
= Occur singly
= Occur randomly

e Normal: X ~N(u,0%)

0 Mean, E(X)=u

o Variance, Var(X)=o"’

GC Syntax
If you forget GC syntax, use CtlgHelp. For example, to find the syntax for nor mal cdf(,

1. [APPS] - 3:CtigHelp - [ENTER]
2. [2ND][VARS], then press the down key until normalcdf( is highlighted.
3. Pressthe[+] key to display the syntax.

If X ~B(n,p),
e P(X=a) isgivenby binompdf (n, p, a)
e P(X<a) isgivenby binomcdf (n, p,a)

If X ~Po(4),
e P(X=a) isgivenby poissonpdf (4, a)
e P(X<a) isgivenby poissoncdf (4, a)

If X ~N(u,0°%),
e P(X<a) isgivenby normalcdf (-E99, a, 1, o)
e P(X>a) isgivenby normalcdf (a, E99, i, o)

e P(X<a)=P(X<a)

e P(X>a)=P(X=>a)

e P(a<X<b)=P(asX<b)=P(a<X<b)=P(a<X<b)

e For Z~N(0,1), the standard normal random variable,  and o can be omitted in the
GC syntax. The GC will assumethat ;=0 and o =1.

(
(
e P(a< X <b) isgivenby normalcdf (a, b, u, o)
(
(
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FAQ

Q: Which distribution doesarandom variable X follow?

A: e [f X canhavenon-integer values,
X iscontinuous and follows anormal distribution.

e |If X canhaveany integer value from O onwards with no upper limit,
X follows a Poisson distribution.

e If X canhaveany integer value from O onwards to an upper limit n,
X followsabinomial distribution.

Q: “Using a suitable approximation,...”
or “Find the approximate number of...”
or “Estimate...”

A: Show that the original distribution fulfills the conditions for approximation.

Legend: “ —— ”” denotes ““approximates to”’

n islarge
suchthat np>5
and n(1-p)>5
Binomial ( p) > Nor mal
X ~ B(n, p) Continuity X ~N (np, np(]__ p))
correction
Normal
. X ~N (/1,/1)
n islarge (>50),
p issmall (<0.1), Continuity
such that np<5 correction /2 10
Poisson Poisson

X ~Po(np) X ~Po(4)

If X followsabinomial distribution, i.e. X ~B(n, p), usethevaueof p to decide
whether to approximate to a Poisson or normal distribution.

e If p iscloseto 1, approximate X to aPoisson distribution.

e If p ismoderate (closeto 0.5), approximate X to anormal distribution.

e If p isclosetoO, defineanew variable Y which has p closeto 1, and approximate
Y to aPoisson distribution.
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Q: Sumrandom variables.
Let X and Y beindependent random variables.
e If X~Po(4,)andY~Po(4,),

X+Y ~Po(4+4,)
Subtraction ( X —Y') is not allowed.

o If X~ N(,ul,alz) and Y ~ N(,uz,azz),
0 XiY~N(/¢liy2,012+O'22)
0o aX+b~N(aytha’c’)
0 axXzthy~ N(aylibyz,a20'12+b2022)

Q: Solvefor multipleunknowns, eg. ¢z and o .
Al e For Binomia or Poisson, use GC or use the formula for P(X =x).
e For Normad, if x, o, or both are unknown, always standardize X to Z .

1. If X ~N(u,0%), then let z-XZH
(o

2. Then Z~N(0,1) and P(sz):P(zs X_“j.
o

3. Sincefor Z , both mean (0) and standard deviation (1) are known,
X—u
—

use InvNorm on the GC to find an equation for

4. Solve simultaneous equations if necessary.

Example 1 [NO1/11/8]

The random variable X has a norma distribution with P(X > 7.460)=0.01 and
P(X <-3.120) =0.25. Find the standard deviation of X .

200 independent observations of X aretaken.

(1) Using a Poisson approximation, find the probability that at least 197 of these
observations are less than 7.460.

(i)  Using a suitable approximation, find the probability that at least 40 of these
observations are less than -3.120.
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(i)

(i1)

Solution

Let X ~N(u,o%).

Let Z=2"# then Z~N(0,1).
(o2
P(X >7.460) = P(z , 1400 p

(o3

J-oo1

P(Z < m) —0.99
O

From the GC,

14801 _ 5 2963 (551)
(o2

(working omitted)

From the GC,

31204 067449 (555)
(o2

{ U+ 2.32630 = 7.460

1 —0.674490 =-3.120
Fromthe GC, 0 =353 (3sf.) R

Let Y bethe number of observations not
less than 7.460 out of 200 observations.
Then Y ~ B(200,0.01) .

Since n=200 islarge (>50) and p=0.01
issmall suchthat np=2<5,
Y ~ Po(2) approximately.

P(200-Y >197)
=P(Y<3)=0.857 (3sf) W

Let W be the number of observations less
than —3.120 out of 200 observations.
Then W ~ B(200,0.25).
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Comments

Since 4 and o are unknown for X , we

cannot immediately use InvNorm, and
standardization is necessary.

Once you get an equation in this form,
InvNorm can be used as 4 and o are
known for Z .

Key in InvNorm(0.99) . If you do not
specify 4 and o , the GC will assume
#=0 and o=1, as with the standard
normal distribution.

Similarly, standardize and use InvNorm
for the other equation from the question,

P(X <-3.120)=0.25.

Write the system of linear equations and
use PlySmlIt2 on the GC to solve for u

and o .

We define Y with “not less than” rather
than “less than”, because p must be

small for a Poisson approximation.

Remember to write “out of 200

observations”.

200-Y is the number of observations
lessthan 7.460, as required.

Z is reserved for the variable with the
standard normal distribution, so define the
variable as W instead.
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Since n= 200 islarge such that
np=50>5 and n(1- p)=150>5,

W ~ N(50,37.5) approximately.

P(W > 40) = P(W > 39.5)

(by continuity correction)
=0.957 (3sf.) W

Example 2 [AJCO5/11/27]
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To approximate a binomial variable with
moderate p eg. 0.25, use a norma

approximation. If p is extreme e.g. 0.01,
use a Poisson approximation.

Remember to key in o=+/375 for
normalcdf on the GC, not o2 =37.5.

The weights of large eggs are normally distributed with mean 65 grams and standard
deviation 4 grams. The weights of standard eggs are normally distributed with mean 50

grams and standard deviation 3 grams.

@ One large egg and one standard egg are chosen at random. Find the probability that

the weight of the standard egg is more than%1 the weight of the large egg.

(b) Standard eggs are sold in packs of 12 while large eggs are sold in packs of 5.

) Find the probability that the weight of a pack of standard eggs differs from
twice the weight of a pack of large eggs by at most 5 grams.

(i) A customer bought two packs of large eggs. Find the value of m (to the nearest
0.1 gram) if thereis a probability of 0.03 that the average weight of the eggsin
one pack is more than the average weight of the eggs in the other pack by at

least m grams.

Solution

Comments

@ Let X represent the weight of alarge egg, in grams.
Let Y represent the weight of a standard egg, in grams.

Then X ~ N(65,4°) and Y ~ N(50,3°)
Required probabilityisP(Y>ng
E(Y—EXJ=5O—E(65)=—2

5 5

Var(Y 4 x) =3 +E(4)2 =19.24
5 25
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(b)(i)

Y —g X ~N(-2,19.24)
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- P(Y>§Xj: P(Y—%X >o]=o.324 (3sf) M

Required probability

=PV +Y, 44 Y = 2( X, + .t X5)| < B)
E(Y, ot Y = 2( X, +. X))
=50x12-2(5x 65)

=-50

Var (Y, ..+ Y, = 2( X, +..+ X))
=12x 3 +4(5x16)

=428

Yt Yy, = 2( X+ X ) ~ N (=50,428)
P([Y,+Y, +..+ Y, = 2( X, +...+ X;)| < 5)
=P(-5<Y,+..+ Y, —2( X, +...+ X;) <5)
=0.0109 (3sf.) W

X+t Xy Xeg+..4+ X

5 5
X+t Xy Xeg+..4 Xy

5 5
P(|Qm)=0.03= P(Q<-m)=0.015

From G.C., m=5.5g (nearest 0.1g) W

~N(0,6.4)

Let Q=

Example 3 [NJCO5/11/30]

A pack of standard eggs
contains 12 different eggs,
hence each egg is an
independent observation of
Y

Even though one pack is
more than the other, use the
modulus sign because either
pack could be the heavier
one.

A Geography student is studying the distribution of bullfrogsin alarge rural field where there
is an average of 500 bullfrogs per 400 km?. One part of the field isidentified and divided into
50 equal squares, each with sides measuring 2 km. The student wishes to model the
distribution of bullfrogs in each square by using the Poisson distribution with mean A4 .

(i) Statethe value of A and one assumption made in using the Poisson distribution.

(if) Four squares are selected at random. Find the probability that two of these squares
contain no bullfrogs and each of the other two squares contains at least 2 bullfrogs.

(iii) Using a suitable approximation, find the probability that, out of 50 squares, there are at

least 35 sgquares that contain at most 5 bullfrogs each.
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(iv) Determine the approximate probability that the total number of bullfrogsin 10 randomly

selected squares is between 40 and 60 (not inclusive).

(v) The student suggests using the same model on another rural field in another country.
Comment on the suitability of the model in this situation.

(i1)

(iii)

Solution

Areaof asquareis 4km?.

Tota squaresinfield =%=100.

500

ﬂ:—:
100

5

Assumption: The event that a bullfrog lies in a
sguare is independent of other bullfrogs. B

Let X be number of bullfrogsin a square.
Then X ~ Po(5)

Required probability
41

=[P(X =0)]*(1-P(X s1))2><ﬁ

= 0.000251 (3sf.)

P(X <5)=0.6159

Let Y be the number of sguares that contain at
most 5 bullfrogs, out of 50.

Y ~ B(50,0.61596)
Sincen=50islarge,

np=30.8>5,n(1- p)=19.2>5,

Y ~ N (30.798,11.828) approximately.
P(Y >35)

=P(Y> 34.5) (by continuity correction)
=0.141 (3sf.) W

Comments

Do not write the “probability” that
a bullfrog lies in a square is
independent. Use the word
“event”.

Alter native assumption

Average rate of occurrence of
bullfrogsin the field is constant.

UseP& C:
|
There are % permutations of 4

objects where 2 objects are of type
A and the other 2 are of type B.

If np > 5 try approximating
binomial to normal. Otherwise, try
binomial to Poisson, since these
are the only two possible cases.
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(iv)

(v)

Let Q denote number of bullfrogsin 10 squares.

Then Q ~ Po(50)

Since 4 =50>10,

Q ~ N(50,50) approximately.

P(40<Q < 60)

= P(40.5< Q< 59.5) (by continuity correction)
=0.821 (3sf.) W

The number of bullfrogs may not be randomly
distributed in another country. Therefore, the
model may not be suitable. B
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Sampling & Testing

Sampling M ethods
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Example: Say we want to select a sample of 50 workers from a company with 200 workers.
40 workers are under 30 years old, 100 are 30 to 40 years old, and 60 are above 40 years old.

Simple random sampling

Systematic sampling

Random Random
Method | Assign each worker a number from 1 to 200.
S;Irel;t a;arr}f);e Ofof 0 vrva(?]rgsrrs As = 4, randomly select one worker from
numbers. the first 4. If say the 3" worker is chosen, include
every 4" worker from the 3 worker in the
sample, i.e. the34, 7" 11" ..., 199" workers.
Pros e Even spread over population
Cons Requires sampling frame e Requires sampling frame
Cannot replace unavailable | ¢  Cannot replace unavailable sampling units
sampling units e Biased if members of the population have a
Time-consuming to locate periodic or cyclic pattern
selected units
Stratified sampling Quota sampling
Random Non-random
Method | Select random samples from the age | Same as stratified, except:
groups with sample size proportional to the | ¢  Sample size need not be (but can
relative size of each age group, i.e.: be) proportional
e Non-random samples are drawn
Age Sample size from each age group
<30 20
30-40 50
> 40 30
Pros Likely to give more representative | e Lower cost
sample e Lesstime-consuming
e Does not require sampling frame
Cons Requires sampling frame e Non-random
[ ]

Cannot replace unavailable sampling
units
Strata may not be clearly defined

Likely to give less representative
sample

¢ Biased asresearcher may just pick
members who are easier to collect
datafrom
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FAQ (Sampling)
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Questions on sampling methods

Use the context of the question in your answer.
e Identify type of sampling method used
e Explain why:
0 Method isinadequate: list cons
0 Method is biased/unbiased
o0 Sampleislikely to be representative or not
Suggest a better method if required
e Describe your suggested method

Given ZX and sz,

or » (x- Y)Z :

e Find unbiased estimate X of
population mean u

e Find unbiased estimate s° of
population variance o

1
x_an

o (X1

Find X and s?,
given > (x+a) and Y (x+b)”.

e Let y=x+b.

. Zy

=Y (x+a)+>Yb->a
= > (x+a)+n(b-a)

o Sy2=Y(x+b)’

e Findy and s (seeabove).

* X=y-b, 5=g

Find X and s°,
given alist of data.

GC gives s, squarethevalueto get s’.

e Individual data
o Vauesin L

o Keyin:1-Var Stats L,

e Grouped data
o Vauesin L, frequenciesin L,
o Keyin: 1-Var Stats L, L,

Testing

Do this:

Only if:

Use t -test instead of z-test

e sampleissmal (n<50), and
e o isunknown

Use s? instead of o

e o isunknown

Use Central Limit Theorem

e sampleislarge (n>50), and
e population distribution is unknown

Assume popul ation distribution is normal e sampleissmall (n<50), and

e population distribution is unknown
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If the sample is large, population is normal, and o is unknown, Central Limit Theorem is
not required. However, since s> must be used as an unbiased estimate of o, write
“approximately” after the distribution of X .

FAQ (Testing)

Explain what is meant by ‘a
a% significance level’ in the
context of the question

A a % dignificance level means that the probability of
concluding that H, isrejected given that H, istrueis %.

Example: A 5% significance level means that the
probability of concluding that the mean mass of achickenis
greater than 1.75kg when it is actually 1.75kg is 0.05.

State the assumptions made, if
any

e |f thesampleislarge (n>50):

0 Centra Limit Theorem holds, hence the
population follows a norma distribution
approximately, and no assumptions about its
distribution are needed.

e |f thesampleissmall (n<50):
0 Assume the distribution of the population is
normal

Compare outcomes of z-test
and t -test, given same data

Since the graph of the t-distribution has “thicker tails” than
that of the z -distribution about ., , given the same
significance level, the t-test would be lead to a conclusion
of H, being rejected for more values of X.

Compare effect of change in
significance level, sample
mean, or population mean on
outcome

- Y—lu
o If p—value= P(ng):P(Zs Oj,
oln

X — . .
If *o increases, p-—value increases

aln
o If p—value= P()?zi)=P(Zz X_ﬂoj,
o/+/n

(0]

X— iy .
o If /—ﬂo increases, p-—value decreases
ol+n
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Find therangeof o, X, 1,, e Find an expression for the p-value
s, or n suchthat H, is 0 ltaled: P(X<X) or P(X2X)
rejected (or not rejected) at a o 2-tailed:

a% significance level. - X<, 2P(>?Si)
= If X2, 2P(X 2X)
e State the condition on the p -value for the outcome (For
e.g. a5% significance level, « —value=0.05)
o If H, isrgected, p—value< « —value
o |If H, isnotregected, p—value> o —value

2

e Standardize, only if the mean , or variance S of X
n

is unknown, i.e. when finding the range of 1, s, or n
e Use InvNorm to find the range of o, X, or y, that
satisfies the condition on the p -value
e Conclude in the context of the question

Example [TJCO7/PrelimVI1/9 (Modified)]

The manufacturer of the “‘Genius’ brand of cigarettes claimed that the average tar content of a
‘Genius’ cigarette is not more than 14mg per cigarette (mg/cig). A surveyor from a rival
company took a random sample of 8 ‘Genius’ cigarettes and lab measurements of the tar
content yielded 14.2, 14.5, 13.9, 14.1, 14.0, 14.1, 14.2, 14.4 mg/cig. Will he be able to regject
the manufacturer’s claim at 5% level of significance? State any necessary assumption made
by the surveyor in carrying out the test.

To confirm his findings, the surveyor took another random sample of 50 ‘Genius’ cigarettes
and measured the tar content x in mg/cig. The following results were obtained:

X—10) = 208.2515, 3" (x—14)° =5.2455.
2. (x-10) 2 (x-14)

Based on this sample,

() Find unbiased estimates of the population mean and variance of the tar content in
mg/cig.

(i)  Find the range of values for the average tar content per cigarette that the manufacturer
should claim in order that it will not be rgjected as an underestimate at the 1% level of
significance if a z-test is carried out.
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Solution

Let X bethetar content of acigarettein
mg/cig.

Since n=8 issmall, the surveyor must
assumethat X followsanormal
distribution.

Hy: =14 vs H,:u>14

Perform a 1-tailed test a the 5%
significance level.

X_,uo
s/v/n

where X =14.175, u, =14,

s=+0.19821, n=8.

Under H,, T =

~t(n-1),

Using a t-test, p—value=0.0206 (3 sf.)

Since p-value=0.0206<0.05 , the
surveyor will be able to reject H, and

conclude that there is sufficient evidence

at the 5% significance level that X >14
and the manufacturer’s claim is false. |
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Comments

Always define X if the question does not.
Specify its units, if any (mg/cig).

Since the sample is smal and the
distribution of the population is unknown, it
must be assumed to be normal.

1. State the null hypothesis H, and the
aternative hypothesis H; .

2. Write down 1-tailed or 2-tailed test, and
the level of significance a% .

. Decide on the test statistic (t or z) to be
used and determine its distribution.

X and s will appear on the GC screen

with the p -value, so we do not need to
calculate them.
T XM , —Ho  gnce o s

X
s/vn a//n

unknown and we estimated it with s.

not

X is a random variable representing the
sample mean, which can have many values.
X is the mean of a particular sample,
usually given in the question.

4. Usethe GC to calculate p-value.

5. Concludein the context of the question.
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(i)

(i1)

Let y=x-14.

Dy=>(x-14)

=3 (x-10) —50(4)=8.2515
3y =3 (x-14)* =5.2455

X=y+14= 14
50
=14.165 (S . =142 (Bf .1
2
¢- L (5005 82515
501

=0.079260 (55 )y 0.0793 Sf. B

Ho =g VS Hy gt > .

Perform a 1-tailed test a the 1%
significance level.

Under H,, by the Central Limit Theorem

since n=50 islarge,

2
X~N ( ,uo,s—j approximately, where
n

X =14.165, s=+/0.079260, n=50.

Let Z= 2" Then Z ~ N(0.1).
s/</n

If H, isnot rejected, p—value> 0.01.

P()? 214.165): (z> j>001
S n

X— g

P| Z < <0.99
[ s/ f j

From the GC,
14.165- 1,

1/0.079260/ 50
Solving, u, >14.1 (3sf.)N

<2.3263 (5sf.)
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Always let y be the expression which is
squared in the summary statistics, e.g. let

y =x-14 when )" ( x- 1492 is given.

Give vaues which will be used in later
parts of the question to 5 s.f. first, thento 3
s.f.

Trandate the question into mathematical
terms: What is the range of p, such that
H, is not rejected when a z-test is carried
out at the 1% significance level?

The manufacturer’s claim is H, :p=y,,

and if it were “rejected as an underestimate,
H,: > , would betrue.

Since y, is unknown for X , we cannot

immediately use InvNorm, and
standardization is necessary.

Once you get an equation in this form,
InvNorm can be used as p and o are

known for Z.
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Correlation & Regression

Product Moment Correlation Coefficient (PM CC)

r >0 =>» Positive Linear Correlation

r <0 =» Negative linear correlation +

+
+
+

r=0 =>»No linear correlation
(Note that no linear correlation does not
imply no relation)

e The closer the absolute value of r isto 1, the stronger the linear correlation between 2
variables.

Limitations of PMCC

e Does not necessarily prove that there is alinear relationship between two variables
0 e.g.there may bean outlier

e Unableto prove any non-linear relationship between variables using the coefficient
0 e.g. pointson aparabola can be chosen to give aPPMC of close to zero

Therefore, use BOTH the scatter diagram and the r-value together when making
judgements/statements/compari sons.
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Relevant Formulae (In MFE15)

Estimated Product Moment Correl ation Coefficient

> (x=x)(y-Y) ny_zxzy

— — n

NEESNEE [Z(Z) ][zy(iv)]

n

Estimated regression line of y on x

y—9=b(x—§)_ )
b 2 (x=X)(y-y)
D (x=x)?

Although not in MF15, the formula for the regression line of x on y can be obtained by
swapping x with y in the above formulafor the regression line of y on x)

Linear Regression

The least sguare regression line is the line which minimises the sum of squares of the
residuals. (Note that the aresidual is the difference between the observed & predicted values.)

Scatter Diagrams

e Label each axiswith the variable and its units.

e Ensuretherelative position of the data pointsis correct.

e Digplay the origin at the correct relative position. If the data is far away from the origin,
use ajagged line to indicate an omitted range of values.

GCTips& FAQ

1. Howdol key inthedata set intothe GC?

Key STAT =>EDIT = Typein your data
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When a question requiresmeto plot In y against x, but it only provides data set for x
and y, what can | do other than manually evaluating each value of In y?

For example, if the data given is alist of values of y, but the question requires you to plot
In y against X, you can do so using GC. For example, y values are in L2. Key all your
valuesinto thelists, with x valuesin L1, y valuesin L2. Then, key In(L2) = STO = L3

Inclz =Lz

What is the significance of the intersection point of regression linesof x on y and y
on x?

The intersection point of regression lines of xony andy on xis (¥, ¥).

How do you assess whether an estimateisreliable?

First, welook at ther-value. If itiscloseto 1 or — 1, then the estimate would be reliable.
Next, we look at whether it is an interpolation or an extrapolation. Assuming r is close to
1 or - 1, aninterpolation would be very reliable.

In the case of an extrapolation, we would look the amount of extrapolation. If it iscloseto
the experimental range of values, then that estimate is reliable. Otherwise, it is not
reliable.

Note that you should use the scatter plot in line with the r-value.

Example 1 [SAJCO8/Prelim/I1/6]

Each of arandom sample of 10 students are asked about the average number of minutes
spent on doing mathematics tutorials in a week (x), and their percentage score for the
mathematics final examination (y). Theresults aretabulated below:

X

20 35 45 60 70 80 100 | 110 |120 | 140

y

16 25 35 50 60 65 70 75 80 85
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() Find the equation of theregression line of y on x.

The question isindirectly saying that y is the dependent variable and x is dependent.

Key all the valuesinto the listsin GC. Remember to turn on the diagnostic function.

1nkEedlax+br Li.| L1inkKed
Lz-"101 ufax+b

Lzii=165

From G.C.,
y= 0.591x+10.0(3sf )

[Whether you use LinReg(ax+b) or LinReg(a+bx), linear regression should be done with L1,
L2 where L1 isthe independent variable and L2 is the dependent variable.]

(i) Find the linear product moment correlation coefficient between y and x, and
comment on therelationship between x and y.

Use the G.C values calculated earlier
r~ 0.972(3sf.)

(iii)  Usethe appropriate regression line to estimate the percentage score of a student
who spends 10 minutes doing mathematics tutorial in a week. Comment on the
reliability of the estimate.

y=0591x+10.0(3s f.)

Using G.C, y~15.9
However, the estimate is not reliable as 10 minutes is well outside the given range of x values
so the approximation would be unreliable.

Example 2 [HCIO08/Prelim/I1/8 (Modified)]

A teacher decided to investigate the association between students’ performances in
Mathematics and Physics. She selected 5 students at random and recorded their scores,
x and y, in Mathematics and Physics tests respectively. She found that, for this set of
data, the equation of theregression line of y on x was y=18.5+0.1x and the equation of

theregression lineof x on ywasx=16.6+0.4y.

Remember that the intercept of the
Show that >"x =125 and ¥ y=105. regression lines (y on x and x ony)
is (x, y) .
185+0.1x =y
16.6+ 0.4y = X Combination of concepts from
sampling

x=25and y=21
.Y x=5x25=125and ) y="5x21=105
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() The Physics score of a sixth student was mislaid but his Mathematics score was
known to be 26.

Use the appropriate line of regression to estimate this student’s Physics score,
and giveareason for the use of the chosen equation.

y=18.5+0.1x
When x = 26, y = 21(nearest integer)
Since xisgiven, y is the dependent variable and therefore we use the regression line of y on x.

(i)  Comment on thereliability of your estimate.

The estimate is not reliable because |r| is small, i.e. it is close to 0, hence the linear
correlation between x and y is very weak, indicating that the linear model is not suitable.

Example 3 [NY JCO8/Prelim/I1/11]

A student wishes to determine the relationship between the length of a pendulum, I, and the
corresponding period, T. After conducting the experiment, he obtained the following set of
data:

l/lcm | 150 135 120 105 90 75 60 45 30 15

Tls 245 | 231 |222 (207 (191 |174 |15 |135 |110 |0.779

(i) Obtain the scatter plot of this set of data. [2]
(i)  The student proposes two models.

A:T =a+bln(l)
B:T?=a+hl

Calculate the product moment correlation coefficients for both models, giving your
answer to 4 decimal places. Determine which model is more appropriate. [3]

(iii) Using the model determined in part (ii), estimate the value of | when T = 3sto 1
decimal place. Comment on the suitability of this method. [3]

(iv) Find a value of | and its corresponding value of T such that the equation of the

regression line for the chosen model will remain the same after the addition of this pair
of values. [3]
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(i)

(i)

(iii)

(iv)
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Solution Comments
Scatter Dliagram of T against | Note that your mter pl Ot mUSt be
. to scale. This means that your
28 I points should be relatively correct
N T to each other.
05 —— Axis should be labelled correctly.
UsingaG.C.,, Be careful as question asks for 4
r for model A is0.9871. (4 d.p.) decimal places.

r for model B is0.9996. (4 d.p.)

For appropriateness of model,
Since the value of r for model B is closer to 1 as look at r values.
compared to model A, mode B is more

appropriate.

Since T is given, we should use the regression line  Even though it is in the Physics
of | on T2 mindset that the period depends
on the length of the pendulum, it
is NOT the regression line of T?

From G.C., thevalue of | is223.9 (1d.p.) onl

Although r is close to 1, the value of T = 3slie Be aware that model B uses T2
well outside of the range of the T values used t0 instead of T.

plot the regression line. Hence it is not a good

estimate of |.

Thevaluesto be used are | and T2. Use G.C. to evaluate the values.

= = Note that you can plot the

| =1 =825andT? = 3.3301 (5sf.) rearession lines for both | on 12

T=T-182(3sf) and T2 on |. The intersection of
the two lines will obviously be the
point you are looking for.
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